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Abstract
We discuss E3-brane instantons in N = 1 F-theory compactifications to four dimensions and
clarify the structure of E3-E3 zero modes for general world-volume fluxes. We consistently
incorporate SL(2,Z) monodromies and highlight the relation between F-theory and perturbative
IIB results. We explicitly show that world-volume fluxes can lift certain fermionic zero-modes,
whose presence would prevent the generation of non-perturbative superpotential terms, and we
discuss in detail the geometric interpretation of the zero-mode lifting mechanism. We provide
a IIB derivation of the index for generation of superpotential terms and of its modification to
include world-volume fluxes, which reproduces and generalizes available results. We apply our
general analysis to the explicit, though very simple, example of compactification on P3 and
its orientifold weak-coupling limit. In particular, we provide an example in which a non-rigid
divisor with fluxes contributes to the superpotential.
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1 Introduction and summary of the results
F-theory provides a large class of non-perturbative vacua of Type IIB whereby the com-
plexified axio-dilaton develops a non trivial profile due to the presence of 7-branes [1, 3, 2].
In recent times a resurgence of interest in this class of models has been triggered by the
observation that local configurations of 7-branes can accommodate interesting aspects
of particle physics phenomenology beyond the standard model, such as gauge coupling
unification and textures in the Yukawa couplings, starting with [4, 5, 6] – see e.g. [7, 8]
for reviews and more complete lists of references.
Although it is still unclear which local F-theory solutions admit a global embedding,
non-perturbative effects generated by Euclidean D3-branes (E3-branes) are widely rec-
ognized as crucial ingredients in IIB/F-theory model building, see for instance [9, 10,
11, 12, 13, 14]. Most of the applications involving M5/E3 non-perturbative effects are
built on the results of [15], which in turn relies on the study of the fermionic zero modes
derived from the standard Dirac action for a Euclidean M5-brane, dual to the E3-brane.
However, even in the absence of background fluxes, world-volume fluxes are known to
deform the standard Dirac action on D-branes [16] and M5-branes [17]. Since the effect
of world-volume fluxes on the fermionic zero-mode structure is not taken into account
in [15], understanding this and related issues remains an open problem. This consti-
tutes the main motivation of the present investigation, that aims at tackling the effect
of world-volume fluxes on E3-brane instantons in general terms. Henceforth we will dub
these as magnetized E3-branes.
This is not just an academic problem. On the one hand, consistency actually re-
quires that for every four-cycle wrapped by an E3-brane, one must sum over the infinite
(discrete) family of possible world-volume fluxes. On the other hand, fluxes can in fact
have important physical effects. For instance, there is evidence that they can modify the
zero-mode counting [18] and thus the nature of E3-brane instanton corrections to the
effective theory. In particular [14], fluxes can play a key role in alleviating the tension
between chirality and moduli stabilization [19].
While [15] and many other papers on F-theory are largely based on the dual M-theory
point of view, that has of course several advantages, in this paper we will mostly work in
the IIB picture. One practical motivation behind this choice is that it allows one to use
the (Wick-rotated) well-understood effective action for D3-branes, hence avoiding the M5-
brane effective action and in particular its subtle chiral three-form flux. Furthermore,
our study of the effect of world-volume fluxes on E3-branes will have as byproduct a
better comprehension of the relation between the IIB and M-theory pictures even in
absence of fluxes – see [12, 20, 21, 13] for previous works in this direction. An improved
understanding of the IIB/M-theory dictionary can be important since the IIB approach
has the unquestionable advantage of admitting – in some cases – local or global weak
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coupling descriptions, wherein one can use perturbative string theory techniques, not
available on the M-theory side. Indeed, in the past few years, a lot of progress has
been achieved in the understanding of non-perturbative effects generated by unoriented
D-brane instantons using their open string description [22, 23]1.
Although in this paper we will not consider background type IIB three-form fluxes (or,
dually, background M-theory four-form fluxes), the understanding of E3-branes in their
presence actually constitutes another motivation for our work. Indeed, background fluxes
play a crucial role in several applications and their effect on M5/E3 brane instantons in F-
theory/IIB orientifold backgrounds has been already considered in [33, 34, 35, 36, 37, 38,
18, 39, 40], see also [41, 42] for studies on the effect of bulk fluxes on D-brane instantons
by using the string world-sheet techniques. However, the papers [34, 35, 36, 38] work
within the simplifying assumption that the world-volume flux vanishes and [18, 39, 40]
provide just partial results on its possible effects. In this context, although legitimate
in some cases, the assumption that there is no world-volume flux constitutes a very
non-generic condition, since the world-volume Bianchi identities relate world-volume and
background fluxes. Take for instance a IIB three-form fluxH3 . The world-volume Bianchi
identity reads dF = −ι∗H3 , where ι∗H3 denotes the pull-back of H3 onto the E3-brane
world-volume. Clearly, if H3 6= 0, then generically the world-volume flux F will be
non vanishing as well. Hence, a proper understanding of the effect of world-volume
fluxes alone on E3/M5-branes constitutes an important step that necessarily precedes a
consistent incorporation of background fluxes.
Let us summarize our findings:
• We clarify the structure of E3-E3 zero modes for general world-volume fluxes and
propose a modification of the M5-brane index [43] that reproduces and generalizes
all available results.
• We consistently incorporate SL(2,Z) non-trivial monodromies and highlight the
relation between F-theory and perturbative IIB results, that was not so manifest
even in the flux-less case [12, 20, 21].
• We explicitly show that world-volume fluxes can lift certain fermionic zero-modes.
We discuss in detail the associated geometrical interpretation of the flux-induced
fermionic zero-mode lifting mechanism. We eventually apply our general analysis
to the explicit, though very simple, example with P3 as compactification space and
its orientifold weak-coupling limit.
1See also [24, 25, 26, 27, 28, 29, 30] for early work and [31, 32] for recent reviews.
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• In particular, we discuss a concrete example that provides evidence that non-rigid
divisors can generically contribute to the superpotential. This drastically broad-
ens the possibilities for non-perturbatively generated superpotential terms. For
instance, once properly combined with bulk fluxes, E3-brane instantons with world-
volume fluxes can lead to significant improvement of the moduli-lifting problem.
The plan of the paper is as follows. In Section 2, we will briefly review some basic
properties of F-theory vacua, including monodromy, S-duality and, whenever possible,
orientifold limit. We then pass to discuss in Section 3 the fermionic parts of the E3 action
and the index counting the fermionic zero-modes and present a very useful though simple
working example. Section 4 is devoted to study the effect of turning on world-volume
fluxes. In Section 5 we present an explicit example whereby a non-rigid divisor with
fluxes contributes to the superpotential.
We have collected some useful formulae on holomorphic line bundles and properties
of the extrinsic curvature in two Appendices.
Note added: While this paper was being typed a couple of interesting papers appeared
[44, 45] that discuss instantons in F-theory and provide complementary results to the
ones in the present work.
2 A short review on F-theory vacua
The aim of this section is to review the structure of F-theory backgrounds. We will
emphasize the IIB viewpoint, that is somewhat less ‘standard’, being often rephrased in
terms of the dual M-theory description. The material covered in this section is of course
not new at all, but we have decided to include it for self-completeness of the paper, in
order to fix notation, definitions and main properties of these vacua and facilitate the
reading of the subsequent sections. For more details, see for instance the recent reviews
[46, 8].
F-theory vacua are type IIB backgrounds that include full back-reaction to 7-brane
induced fluxes. The 7-branes can be either D7-branes or more general (p, q) 7-branes,
obtained by acting on a D7-brane – i.e. a (1,0) 7-brane – by an SL(2,Z) duality trans-
formation. A D7-brane sources one unit of Ramond-Ramond (RR) flux F1 = dC0 and
is then characterized by a monodromy τ → τ + 1 of the axion-dilaton τ := C0 + ie−φ on
a closed loop linking the D7-brane. Analogously, a (p, q) 7-brane is characterized by a
more general SL(2,Z) monodromy of τ .
Local and global tadpole constraints strongly restrict the consistent configurations
and often require the presence of mutually non-local 7-branes, i.e. 7-branes that cannot
contemporarily be seen as a set of D7-branes or an SL(2,Z) transform thereof. In other
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words, these 7-brane configurations are intrinsically non-perturbative, in the sense that
the axion-dilaton τ generically undergoes SL(2,Z) duality transformations when going
from one patch of the internal manifold to another. A simple example of such a config-
uration is provided by the O7-planes of perturbative string theory, more appropriately
described in F-theory as a bound states of two mutually non-local 7-branes [47, 48].
In this paper we are interested in (minimally) supersymmetric F-theory compactifica-
tion to four-dimensions. They are dual to M-theory compactifications to three-dimensions
on an elliptically fibered Calabi-Yau four-fold, in which the complex structure of the ellip-
tic fiber corresponds to the axion-dilaton τ . This dual description nicely geometrizes the
non-trivial features of the F-theory backgrounds and turns out to be very convenient to
study several aspects that are harder to handle within a direct IIB framework. However,
the direct type IIB viewpoint can be important for other purposes, as we will show in
this paper.
Hence, in sections 2.1, 2.2 and 2.3 we will describe some basic features of the F-theory
backgrounds within the purely IIB description, without making any use of the dual M-
theory picture. The latter will be considered only in subsection 2.4. We will also try
to make very explicit the relation between the two descriptions. This will be important
in the subsequent sections. In section 2.5 we provide a simple example of F-theory
compactification and its weak coupling orientifold limit. This example will constitute
the playground on which we will apply the subsequent general discussions.
2.1 Generalities on F-theory compactifications
F-theory backgrounds are more conveniently described in the Einstein frame. Focusing
on compactifications to flat four-dimensional Minkowski space and demanding supersym-
metry, the ten-dimensional space is the direct product R1,3 ×X , where X is a complex
three-fold, i.e. a real six-dimensional manifold, that is also complex and Ka¨hler. The
Einstein frame ten-dimensional metric splits as
ds210 = dx
µdxµ + ds
2
X (2.1)
Here ds2X = gmndy
mdyn is the Ka¨hler metric on X . In this paper we denote the complex
structure by I = Imndy
n ⊗ ∂m and the associated Ka¨hler form by J = 12Jmndym ∧ dyn,
where Jmn = gmkI
k
n. One can also include a non-trivial warping, that can be sourced by
possible D3-brane charge and three-form flux present on X , but in the present paper we
will focus on the cases in which such warping can be consistently considered constant.
As recalled at the beginning of this section, the physically non-trivial feature char-
acterizing the F-theory backgrounds is provided by the presence of 7-branes. In the
present setting, they fill R1,3 and wrap internal four-cycles that are required to be holo-
morphically embedded by supersymmetry. Hence, by adopting the algebraic geometry
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terminology, the 7-branes wrap divisors of the internal space. The presence of 7-branes
is signaled by the presence of a non-trivial axion-dilaton τ , that supersymmetry requires
to depend holomorphically on the internal coordinates
∂¯τ = 0 (2.2)
where ∂¯ := dz¯I¯ ∧ ∂/∂z¯I¯ , where (zI , z¯I¯) are complex coordinates on X .
In general, when passing from one local patch on X to another, the axion-dilaton is
allowed to experience non-trivial SL(2,Z) duality transformations
τ → τ ′ = aτ + b
cτ + d
(2.3)
with a, b, c, d ∈ Z and ad − bc = 1. In particular, non-trivial monodromies signal the
presence of 7-branes. A D7-branes is associated to a so-called T -monodromy
MD7 ≡M1,0 =
(
1 1
0 1
)
≡ T (2.4)
This implies that close to a D7-brane τ takes the form τ ≃ 1
2πi
log(z−zD7), where z denotes
some local coordinate transverse to the D7-brane. Indeed, close to a D7-brane τ must
satisfy the second-order equation ∂∂¯τ = −δ2 (D7). More generically, the monodromy
around a (p, q) 7-brane is given by
Mp,q =
(
1− pq p2
−q2 1 + pq
)
(2.5)
The non-trivial axion-dilaton contributes to the energy-momentum tensor. Hence the
internal metric is not Ricci-flat and indeed supersymmetry implies the following Einstein
equations
RXIJ¯ = ∇I∇¯J¯φ (2.6)
It is useful to introduce the following composite one-form
Q1 =
i
2
d(τ + τ¯)
τ − τ¯ =
1
2
eφ F1 =
i
2
(∂¯φ− ∂φ) (2.7)
where, in the last equality, we have made use of (2.2). Now, Q1 can be seen as a con-
nection for a U(1) bundle, that we call U(1)Q. It is defined as follows: If the background
undergoes an SL(2,Z) duality transformation
(
a b
c d
)
(2.8)
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when going from one patch to another, the corresponding U(1)Q transition function is
given by ei arg(cτ+d). This U(1)Q bundle will play a crucial role in the following, in that
several fields can be seen to transform as sections of the associated complex line LQ and
powers thereof under SL(2,Z). Hence, Q1 can be used to construct SL(2,Z)-covariant
derivatives, that allow one to obtain manifestly SL(2,Z)-covariant quantities. This will
be very important in the following discussions.
From (2.7), one can easily compute the curvature associated with Q1 :
RQ = dQ = i∂∂¯φ (2.9)
Then, by (2.6) it is immediate to check that it is equal to the Ricci form RX := RXIJ¯ dzI ∧
dz¯J¯ :
RX ≡ RQ (2.10)
The curvature RQ computes the first Chern Class of the line bundle LQ, c1(LQ) =
1
2π
[RQ], while the Ricci form computes the first Chern Class of the tangent bundle of X ,
c1(X) =
1
2π
[RX ]. Hence, one can explicitly see that the non-triviality of the line bundle
LQ is directly related to the failure of the Calabi-Yau condition for X . Furthermore,
by Yau’s theorem, given a certain holomorphic axion-dilaton τ with associated bundle
LQ on X , the topological condition c1(LQ) = c1(X) is actually sufficient for an F-theory
metric to exist for every Ka¨hler class [J ] ∈ H1,1(X).
Notice that, by standard arguments in algebraic geometry, since RQ has vanishing
(2,0) and (0,2) parts, one can associate to LQ a holomorphic line bundle LQ, whose
sections f satisfy holomorphic gluing conditions f → (cτ + d)f – see appendix A for
more details. As we will explicitly see, the possibility to trade LQ for LQ will allow to
translate several geometrical quantities in terms of purely holomorphic data.
For instance, it is well known that c1(X) = −c1(KX), where KX is the canonical
bundle on X , i.e. the holomorphic bundle of (3, 0) forms on X . Hence, (2.10) implies
that c1(LQ) = −c1(KX) and one can conclude that the holomorphic line bundle LQ is
isomorphic to the inverse of the canonical bundle on X :
LQ ≃ K−1X (2.11)
2.2 Supersymmetric structures
We are interested in minimally supersymmetric F-theory compactifications, i.e. preserv-
ing four-supersymmetries. The supersymmetry generators are described by the two type
IIB Majorana-Weyl spinors ǫ1,2. They both have positive chirality Γ11ǫ1,2 = ǫ1,2, where
Γ11 = Γ
0123456789 is the ten-dimensional chirality operator.2 We work in the Majorana rep-
resentation in which the charge conjugation matrix is Γ0 and all ten-dimensional gamma
2In this paper, we distinguish flat indices by underlying them.
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matrices are real (in Minkowskian signature). Hence, one can take ǫ1,2 to be real. One
can group them in a bi-spinor ǫ
ǫ =
(
ǫ1
ǫ2
)
(2.12)
In order to describe the supersymmetry generators, one can first introduce the fol-
lowing split of the ten-dimensional gamma matrices
Γµ = γˆµ ⊗ 1 , Γm = γ5 ⊗ γm (2.13)
where γˆµ and γm are four- and six-dimensional gamma matrices respectively, and fur-
thermore
Γ11 = γ5 ⊗ γ7 , γˆ5 = −iγˆ0123 , γ7 = iγ123456 (2.14)
with γˆ5 and γ7 the four- and six-dimensional chirality operators respectively.
In the Einstein frame, the supersymmetry generators in double-notation have the
structure
ǫ = ǫR + ǫL =
(
ǫR1
ǫR2
)
+
(
ǫL1
ǫL2
)
(2.15)
where
ǫR1 = iǫ
R
2 = ζR ⊗ η , ǫL1 = −iǫL2 = ζL ⊗ η∗ (2.16)
with ζR,L and η external and internal chiral spinors: γˆ5ζR = ζR, γˆ5ζL = −ζL and γ7η = η.
In Minkowskian signature, one has ζL = ζ
∗
R. However, in order to consider Euclidean
D-branes, one needs to analytically continue ζR and ζL to two independent ‘holomorphic’
4D spinors of opposite chirality.
Notice that the complex combination ǫ1 + iǫ2 transforms with U(1)Q-charge +1/2
under the SL(2,Z) duality group. Hence, the same is true for η, that can be then con-
sidered a section of S+ ⊗L1/2Q or, more precisely, of the associated Spinc+ bundle over X ,
that reduces to S+⊗L1/2Q only if S+ and L1/2Q separately exist. Indeed, consistently with
the discussion of the previous subsection, η must satisfy the following SL(2,Z)-covariant
Killing spinor equations
(∇m − i
2
Qm)η = 0 (2.17)
where ∇m is the Levi-Civita spin connection. In the following we will choose the nor-
malization condition η†η = 1.
The Ka¨hler form J on X can be constructed from η as
Jmn = iη
†γmnη (2.18)
It is closed and in fact covariantly constant since it does not transform under the structure
group of LQ. On the other hand, one can use η to construct also a holomorphic (3,0)
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form Ω as follows
Ωmnp = e
φ/2ηTγmnkη (2.19)
Notice that
Ω ∧ Ω¯ = 4i
3
eφJ ∧ J ∧ J (2.20)
This explicitly shows that the metric is not Calabi-Yau if the dilaton is not constant.
We would like to emphasize that Ω should not be considered as a section of the canon-
ical bundle, since one can easily check that it transforms non-trivially under SL(2,Z)-
duality:
Ω→ (cτ + d)Ω (2.21)
Hence, Ω must be rather considered as a section of KQ ⊗ LQ. Because of the isomor-
phism (2.11), one can see that Ω is a holomorphic section of a trivial line-bundle, which
guarantees that Ω is globally well-defined and never vanishing.
Notice that Ω is not covariantly constant. On the other hand, according to the general
discussion of appendix A, one can associate to Ω the LQ-valued three-form e
−φ/2Ω, that
is covariantly constant under the correspondingly U(1)Q-covariant derivative:
∇Qm(e−φ/2Ω) ≡ (∇m − iQm)(e−φ/2Ω) = 0 (2.22)
2.3 Orientifold limit
Backgrounds with O7-planes and D7-branes can be properly described as particular limits
of the more general F-theory backgrounds considered in the previous sections [47, 48], in
which the string coupling gs can be tuned to be small. In this limit, the O7-plane can be
seen as a bound state of two mutually non-local 7-branes separated by a perturbatively
invisible distance suppressed by e−1/gs. Neglecting such a non-perturbatively resolution,
the O7-plane appears as a singular non-dynamical object characterized by an SL(2,Z)
monodromy
MO7 =
( −1 −4
0 −1
)
(2.23)
When four D7-branes coincide with one O7-plane, there is a net cancellation of the
resulting backreaction, with a residual monodromy
MO7M
4
D7 =
( −1 0
0 −1
)
(2.24)
This monodromy does not act on the axion-dilaton but reverses the sign of the fields
transforming as doublets under SL(2,Z). The standard way to describe this effect is to
construct a double cover X˜ and describe the F-theory space as a Z2-quotient X = X˜/σ,
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where X˜ is a double-cover of X branched over the locus of the O7-plane, and σ is the
orientifold involution. At the level of complex structure, X˜ is a Calabi-Yau, in the sense
that the holomorphic (3,0) form Ω defined in (2.19) pulls-back to a globally defined
nowhere-vanishing section of the canonical bundle of X˜. When all 7-branes organize in
groups of O7+4 D7, then τ is globally constant and Ω is covariantly constant too, so
that X˜ has Ricci-flat Calabi-Yau metric.
One may also relax this limit where the axion-dilaton is constant by allowing a con-
figuration with an O7-plane and one or several D7-branes that do not lie on it. Then,
the only SL(2,Z) monodromies will be those that shift τ by real constants, and the sign
reversing orientifold action on doublets. In such a limit, gs can be kept small every-
where except for an exponentially small region around the O7-plane. Hence, one can still
proceed within perturbative string theory as long as one is aware of this subtlety.
2.4 Relation with the M-theory viewpoint
The backgrounds described in the previous subsections are dual to M-theory compactifi-
cations on elliptically fibered Calabi-Yau four-folds Y – see for instance [46] for a detailed
discussion of this duality. In this section we would like to provide the concrete prescrip-
tion on how to construct Y starting from the type IIB data.
Given a holomorphic axion-dilaton on a Ka¨hler three-fold X , one defines an elliptic
fibration over it by first creating a fiber bundle over it, whose fibers are the weighted
projective space CP2231 with homogeneous coordinates [x : y : z]. One way to make
this bundle non-trivial over X is by allowing the projective coordinates to transform as
sections of line bundles Lx, Ly and Lz on X under transitions between patches in X . In
order to make the elliptically fibered four-fold, we would like to impose fiber by fiber the
Weierstrass equation:
y2 = x3 + f x z4 + g z6 (2.25)
that cuts out an elliptic curve inside the weighted projective space. In particular, the
complex structure of the elliptic fiber must coincide with the axion-dilaton τ on X .
On the other hand, it is a standard fact that elliptic curves with such a Weierstrass
representation have very tractable modular properties. More precisely, it is known that,
under an SL(2,Z) transformation, f and g transform as modular forms of weight 4 and
6 respectiverly, i.e.
f → (cτ + d)4f , g → (cτ + d)6g (2.26)
By identifying the modular transformations of the elliptic fiber with the S-duality group
of IIB string theory, one can clearly see that according to the definition in 2.1 of the line
bundle LQ, f and g can be regarded as holomorphic sections of L4Q and L6Q:
f ∈ Γ(L4Q) and g ∈ Γ(L6Q) (2.27)
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Then, by requiring consistency of (2.25), one can see that Lx = L2z⊗L2Q and Ly = L3z⊗L3Q.
At this point, one has some freedom in the choice Lz. One can for instance take Lz = OX
(i.e. the trivial line bundle onX), and then Lx = L2Q and Ly = L3Q. This choice facilitates
the description of the open patch where z 6= 0, by allowing one to gauge fix z → 1, and
recovering the familiar Weierstrass equation. Another useful possibility is Lz = L−1Q , for
which Lx = Ly = OX . Since X is itself holomorphically embedded in Y as the divisor
z = 0, this choice is useful because it easily allows us to restrict integrals on Y to integrals
on X .
In section 2.1 we have also shown that supersymmetry constrains this line bundle to
be isomorphic to the anti-canonical bundle of the three-fold, LQ ≃ K−1B . Via standard
adjunction formulae, one can compute the first Chern class of the F-theory elliptically
fibered four-fold Y to be
c1(Y ) = c1(X)− c1(LQ) (2.28)
Hence, since c1(X) = −c1(KX), the supersymmetry condition LQ ≃ K−1B is equivalent
to imposing the Calabi-Yau condition on Y .
Having established the basics about the M-theory perspective as well as the IIB super-
gravity point of view, let us connect it to the perturbative IIB string theory description
via Sen’s limit [47, 48]. Given a choice for f and g, the corresponding axion-dilaton is
determined by the following relation:
j(τ) =
4 (24 f)3
4 f 3 + 27 g2
where j(τ) = e−2πiτ + 744 +O(e2πiτ ) (2.29)
is Klein’s modular function. Let us reparametrize f and g as follows:
f = −3 h2 + ǫ η (2.30)
g = −2 h3 + ǫ h η − ǫ2 χ/12 (2.31)
where h, η, and χ are sections of L2Q,L4Q, and L6Q, respectively. Then, one finds that
gs ∼ (log ǫ)−1 everywhere except at the locus h = 0. A monodromy analysis reveals that
the (p, q) branes have rearranged into the following perturbative configuration:
O7-plane at : h = 0 (2.32)
D7-brane at : η2 − hχ = 0 (2.33)
Away from this limit, however, the total C0 -tadpole cancelling 7-brane configuration
becomes one recombined object wrapping the following divisor:
4 f 3 + 27 g2 = 0 (2.34)
of class L12Q .
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In the non-backreacted probe approximation, where gs → 0, we expect the internal
space to be Ricci flat, i.e. a Calabi-Yau three-fold. Sen’s limit also allows one to recover
the internal Calabi-Yau three-fold. It appears as a double-cover of X branched over the
O7-plane locus h = 0. It is defined by tagging a new coordinate ξ on X , such that ξ
transforms as a section of LQ, and imposing the equation:
ξ2 − h = 0 (2.35)
Once we make the choice LQ ≡ K−1X , this new space X˜ will be guaranteed to be Calabi-
Yau.
2.5 A working example
In order the make the generalities of the previous section more palatable, we will introduce
a simple working example. Let the internal three-fold be X = P3, with homogeneous
coordinates [z1 : . . . : z4].
In general, a section of a holomorphic line bundle vanishes along a complex codi-
mension one holomorphic submanifold, i.e. a divisor D. The line bundle can be then
denoted by O(D). It turns out that its Poincare´ dual [D] coincides with the first Chern
class of the bundle. On P3 one can define the so-called hyperplane bundle, the line
bundle such that (linear combinations of) zI are sections thereof. The associated divi-
sor is the so-called hyperplane divisor H and the hyperplane bundle is indicated with
OP3(1) ≡ OP3(H). Analogously, any homogenous polynomial P (n)(z1, . . . , z4) of degree n
is a section of OP3(n) ≡ OP3(nH). Hence, one has the following useful identities
PD({P (n) = 0}) = c1(OP3(n)) = n [H ] (2.36)
The canonical bundle of P3 is KP3 = OP3(−4). Therefore, if P3 is chosen as F-theory
compactification space X , the supersymmetry of the background requires that we set
LQ = OP3(4). From these data, one can easily define the corresponding F-theory Calabi-
Yau four-fold Y as a hypersurface in the following ambient space:
z1 z2 z3 z4 x y z eq.(2.25)
1 1 1 1 0 0 −4 0
0 0 0 0 2 3 1 6
(2.37)
That is, in terms of the general discussion of section 2.4, one has made the choice Lx =
Ly = OP3 and Lz = L−1Q = OP3(−4).
This space is a generalization of a weighted projective space, whereby one takes the
quotient w.r.t. two rescalings as follows:
(z1, . . . , z4, x, y, z) ∼ (λ z1, . . . , λ z4, µ2 x, µ3 y, λ−4 µ z) , for λ, µ ∈ C∗ (2.38)
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The other necessary data to define this space are the so-called exceptional sets that are
excluded from the space, generalizing the usual exclusion of the origin in a projective
space. In the present case, there are two sets of coordinates that are forbidden from
vanishing simultaneously:
(z1 , . . . , z4) 6= (0, . . . , 0)) ; and (x , y , z) 6= (0, 0, 0) (2.39)
The Calabi-Yau hypersurface Y is given by the Weierstrass equation (2.25), with f
and g sections of OP3(16) and OP3(24) respectively, that is homogeneous of bi-degree
(0, 6) with respect to the two projective rescalings.
Note that one can easily construct the Calabi-Yau three-fold X˜ for the corresponding
perturbative string theory description of the example under consideration in Sen’s limit.
According to the general discussion of section 2.4, X˜ is defined by (2.35), with h section
of OP3(8), that is
ξ2 = h(z1, . . . , z4) (2.40)
with h(z1, . . . , z4) a degree 8 homogenous polynomial. Clearly, (2.40) can be seen as a
degree eight hypersurface on the weighted projective four-fold P411114 with homogeneous
coordinates [z1, . . . , z4, ξ]. This Calabi-Yau three-fold is denoted by P
4
11114[8]. On this
space, the orientifold involution acts on the target space by sending ξ → −ξ.
3 E3-instantons without fluxes: the IIB perspective
Let us come back to our main motivation, namely the study of E3-instantons in F-theory
backgrounds. In this section we first focus on the case in which there are no world-volume
fluxes on the E3-brane, i.e.
F := 2πα′FE3 − ι∗B2 = 0 (3.1)
This is the case considered by Witten in his seminal paper [15] and by most of the
subsequent papers on this subject.
The approach of [15] starts from the M-theory viewpoint and identifies the conditions
under which an M5-brane instanton can contribute to the superpotential. Here we would
like to retrace Witten’s procedure working directly in IIB. In this way we will set the
basis for our discussion on the inclusion of world-volume fluxes, that will be considered
in section 4. As a byproduct, we will obtain a clear physical picture on how the M-theory
results of [15] should be interpreted from the IIB viewpoint. This can be useful in other
developments based on the IIB picture, in which one can take advantage of perturbative
string theory techniques. See for instance [20, 21, 45] for other papers exploring this
perspective.
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Consider an E3-brane instanton wrapping a four-cycle D in the internal space X . In
order to preserve supersymmetry the four-cycle must be holomorphically embedded or,
in other words, must be an effective divisor. Hence, the on-shell E3-action is just given
by the value of the complexified Ka¨hler modulus
TE3 :=
2π
ℓ4s
∫
D
(
1
2
J ∧ J + iC4
)
(3.2)
where ℓs := 2π
√
α′, and then the possible correction to the superpotential looks like
Wnp = A(. . .) e−TE3 (3.3)
where A(. . .) can depend generically on other moduli in the compactification [43, 49], see
also [50].3
In order to understand the precise structure of Wnp one should in principle study
the complete instantonic path integral. This problem may be attacked by either using
Green-Schwarz-like effective actions, as in [51, 15, 52, 53, 54, 55], or by microscopic string
theory techniques, as in [24, 26, 27, 29, 28, 30]. In particular, in order to understand
whether an E3-brane can contribute to the superpotential, one has to study the structure
of the fermionic zero-modes. Here we are going to focus on the fermions associated to
(putative) ‘open strings’ with both ends on the E3-brane, whose dynamics is described
by a Green-Schwarz-like effective action that incorporates the effect of the non-trivial
axion-dilaton in a controlled way. As we will explicitly check, these fermions correspond
to the fermions in the dual M5-brane effective action. There could be additional chiral
fermions localized at the intersection of the E3-brane with the background 7-branes,
associated with (putative) ‘open strings’ connecting the E3 and the 7-branes. In the dual
M5-brane, they are incorporated in the chiral (self-dual) three-form and their effect can
be reabsorbed in the moduli dependence of the pre-factor A(. . .) in (3.3) [43].
3.1 Fluxless E3-fermionic action
In order to study the E3-brane fermionic zero modes, we start from the effective action
for the E3 fermions on an F-theory IIB background. By some general arguments [56], the
world-volume fermions should naturally experience a topological twist and then be repre-
sented by world-volume forms. Here we would like to explicitly derive the corresponding
topologically twisted theory from the general E3 action. As we will see, a new key role
with respect to the more standard topological twist on Ka¨hler spaces will be provided
3 If in addition 7-brane U(1) fluxes are turned on, A(. . .) acquires a dependence on gauge-invariant
combinations of the charged massless chiral multiplets up to anomalous U(1)’s under which TE3 shifts
[24, 26, 27, 29, 28, 30].
15
by the non-trivial axion-dilaton. Understanding the role role of the axion-dilaton in this
case will be important later, when one will introduce world-volume fluxes.
The fermions on a D-brane in a general supergravity background are more conve-
niently described in the Green-Schwarz formalism, in which the ordinary bosonic em-
bedding is substituted by an embedding in the ten-dimensional superspace. Hence, the
world-volume fermions are described by a pair of ten-dimensional Majorana-Weyl spinors
θ1, θ2, that one can combine into the two-component vector
Θ =
(
θ1
θ2
)
(3.4)
The apparent mismatch between bosonic and ferminic degrees of freedom is cured by the
presence of a world-volume gauge-symmetry, usually called κ-symmetry, that acts in the
following way
δκΘ = (1+ ΓE3)κ (3.5)
where κ = (κ1, κ2), with κ1,2 two arbitrary Majorana-Weyl spinors. In the lowest order
expansion in the fermionic fields, the operator ΓE3 depends just on the bosonic world-
volume degrees of freedom and one natural way to remove these redundant degrees of
freedom is to impose the κ-fixing condition
(1+ ΓE3)Θ = 0 (3.6)
In the present case, since for the moment one is assuming (3.1), ΓE3 is given by
ΓE3 =
(
0 γˆE3
γˆ−1E3 0
)
with γˆE3 = − i
4!
ǫa1...a4√
det h
Γa1...a4 (3.7)
We have introduced world-volume coordinates σa, a = 1, . . . , 4, h ≡ g|D denotes the
pull-back of the bulk-metric onto the E3 world-volume D
hab = gmn(y)
∂ym
∂σa
∂yn
∂σb
(3.8)
and Γa denotes the pull-back of the ten-dimensional gamma-matrices
The explicit κ-symmetric quadratic fermionic action for D-branes on general bosonic
backgrounds has been worked out, in the string frame, in [16]. Here one has just to apply
the general result of [16] to the F-theory backgrounds described in detailed in section 2.
By taking just a little care of the passage from string to Einstein frame4 and imposing the
4Notice that world-volume fermions are rescaled as Θ→ eφ/8Θ when passing from string to Einstein
frame.
16
κ-fixing condition (3.6), one obtains the following Green-Schwarz action for an E3-brane
wrapping a four-cycle D ⊂ B:
SF =
2πi
ℓ4s
∫
D
d4σ
√
det h ΘΓa(∇ˆa + i
4
eφFaσ2)Θ (3.9)
Here ∇ˆa is the pull-back of the bulk covariant derivative and Fa is the pull-back of the
R-R one-form F1 . Furthermore Θ ≡ ΘTΓ0.
So far, we have not explicitly used the supersymmetry condition on D. As already
mention, this boils down to the requirement that D should be a holomorphically embed-
ded hypersurface or, in other words, an effective divisor. More specifically, if D is an
effective divisor then the E3-brane preserves the two ǫR supersymmetries as defined in
(2.15) and (2.16), while if D is a negative divisor, that is a anti-holomorphic hypersurface,
then the two ǫL are preserved.
One way to derive these results is by imposing the usual supersymmetry condition
ΓE3ǫR = ǫR (3.10)
for an effective divisor, or alternatively ΓE3ǫL = ǫL for a negative divisor. Focusing on
E3-branes preserving (3.10), by using the decompositions (2.13) and (2.16), one can more
explicitly write (3.10) as a condition involving only the internal space:
γE3η = iη (ζR preserved) (3.11)
with
γE3 = − i
4!
ǫa1...a4√
det h
γa1...a4 (3.12)
We are now in a position to introduce a more natural parametrization of the world-
volume fermion Θ, that explicitly uses supersymmetry and automatically solves the κ-
fixing condition (3.6). Indeed, one can decompose the two components θ1 and θ2 as
follows. Split θ1 = θ
R
1 + θ
L
1 and θ2 = θ
R
2 + θ
L
2 and set:{
θR1 =
1
2
(
λ˜⊗ η + ψ˜a ⊗ γaη∗ + 12 ρ˜ab ⊗ γabη
)
θR2 =
i
2
(
λ˜⊗ η − ψ˜a ⊗ γaη∗ + 12 ρ˜ab ⊗ γabη
)
{
θL1 =
1
2
(
λ⊗ η∗ + ψa ⊗ γaη + 12ρab ⊗ γabη∗
)
θL2 =
i
2
(
λ⊗ η∗ − ψa ⊗ γaη + 12ρab ⊗ γabη∗
) (3.13)
Hence, one has traded Θ for a new sets of world-volume fermionic fields. They are not
spinors on D but rather forms, hence explicitly realizing the expected topological twist
[56], with purely holomorphic or anti-holomorphic indices. More explicitly, if si (s¯ı¯) are
(anti-)holomorphic world-volume coordinates, one can write
ψ˜ = ψ˜i ds
i , ψ = ψ˜ı¯ ds¯
ı¯ , ρ˜ =
1
2
ρı¯¯ ds¯
ı¯ ∧ ds¯¯ , ρ = 1
2
ρij ds
i ∧ dsj (3.14)
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On the other hand, the new world-volume fermions keep their spinor nature related to
four-dimensional external flat space. Namely, if S± denote the (anti-)chiral spin bundles
associated to the four flat directions, λ˜, ψ˜ and ρ˜ have spinorial index in S+, while λ, ψ
and ρ have spinorial index in S−.
Finally, since the E3-brane can cover different background patches related by a possi-
ble SL(2,Z)-duality transformations, it is important to understand how the world-volume
fermions transform under the duality. By consistency with the superspace formulation,
the Green-Schwarz fermion (3.4) must transform as as the bulk supersymmetry genera-
tor ǫ. Namely, the combinations θ1 ± iθ2 must transform with U(1)Q charges ±1/2 – see
for instance [57]. Since the internal spinor η transforms itself with U(1)Q charges ±1/2,
it is easy to recover that λ, ψ and ρ are neutral under the SL(2,Z)-duality, while λ˜, ψ˜
and ρ˜ transform with U(1)Q charges −1,+1 and −1 respectively. One can then more
synthetically summarize these properties by saying that
l.h. fermions U(1)Q-charge associated bundle
λα 0 S− ⊗ Λ0,0
ψα 0 S− ⊗ Λ0,1
ρα 0 S− ⊗ Λ2,0
(3.15)
r.h. fermions U(1)Q-charge associated bundle
λ˜α˙ −1 S+ ⊗ Λ0,0 ⊗ L−1Q
ψ˜α˙ +1 S+ ⊗ Λ1,0 ⊗ LQ
ρ˜α˙ −1 S+ ⊗ Λ0,2 ⊗ L−1Q
where the restriction to D of the bundles defined on X is understood.
By plugging the expansion (3.13) into the action (3.9), after some manipulations, one
gets the following effective action for the new fermionic fields
SF =
4πi
ℓ4s
∫
D
(ψ ∧ ∗∂λ− ψ˜ ∧ ∗∂¯Qλ˜− ρ ∧ ∗∂¯ψ + ρ˜ ∧ ∗∂Qψ˜) (3.16)
where ∗ is the Hodge-star computed using the induced metric h and ∂Q and ∂¯Q are
U(1)Q-covariant Dolbeault differentials, that is ∂Q = ∂ ∓ iQ1,0 and ∂¯Q = ∂¯ ∓ iQ0,1 on
fields with U(1)Q-charge ±1.
A couple of comments are in order. First of all, the axion-dilaton enter in exactly the
right and minimal way to render the fermionic Lagrangian manifestly invariant under
SL(2,Z)-duality transformations. The preservation of this important property will be
a guiding principle when we will introduce a non-vanishing world-volume flux F 6= 0.
Second, the action does not depend on the components of background tensorial fields
that are transversal to the E3-brane. As we will see, this will not any longer be true
when F 6= 0.
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3.2 Zero-modes
From the action (3.16) one can easily obtain the following fermionic equations of motion
∂λ = 0 , ∂¯Qλ˜ = 0
∂¯†ψ = 0 , ∂†Qψ˜ = 0
∂†ρ = 0 , ∂¯†Qρ˜ = 0 (3.17)
∂¯ψ = 0 , ∂Qψ˜ = 0
where ∂¯†Q and ∂
†
Q are the adjoint Dolbeault operator obtained by using the usual hermitian
inner product between forms: (χ1, χ2) =
∫
χ1 ∧ ∗χ¯2.
Hence, the zero modes are given by the (twisted) harmonic representatives of the
following cohomology groups
l.h. zero modes cohomology group
λαz.m. H
0,0
∂ (D) ≃ H0(D, O¯D)
ψαz.m. H
0,1
∂¯
(D) ≃ H1(D,OD)
ραz.m. H
2,0
∂ (D) ≃ H2(D, O¯D)
(3.18)
r.h. zero modes cohomology group
λ˜α˙z.m. H
0,0
∂¯
(D,L−1Q ) ≃ H0(D,L−1Q )
ψ˜α˙z.m. H
1,0
∂ (D,LQ) ≃ H1(D, L¯−1Q )
ρ˜α˙z.m. H
0,2
∂¯
(D,L−1Q ) ≃ H2(D,L−1Q )
We have already used the fact that, as discussed in section 2.1 and more in detail in
appendix A, the U(1)Q connection Q defines the holomorphic line bundle LQ = K−1X ,
whose holomorphic sections correspond to the ∂¯Q-closed section of LQ. This allows to
give an interpretation of the fermionic zero modes in terms of sheaf cohomology groups
H i(D,OD), H i(D,L−1Q ) and their complex conjugated, as explicitly indicated in (3.18).
For later notational convenience, let us define the associated Hodge numbers as fol-
lows:
hi(D) ≡ dimH i(D,OD) = dimH i(D, O¯D)
hiQ(D) ≡ dimH i(D,L−1Q ) = dimH i(D, L¯−1Q ) (3.19)
Hence, since each fermion has two four-dimensional spinorial indices, the left-handed zero
modes are counted by hi(D), while the right-handed zero-modes are counted by hiQ(D).
The structure of this fermionic zero-mode spectrum can be interpreted as follows.
First, consider the case in which the restriction of the line bundle LQ onto the E3-
brane, LQ|E3, is trivial. Since, as recalled in section 2.4, the seven-brane divisor D7-brane
is associated to a section of L12Q , whose restriction on D is also trivial, one is requiring
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that the intersection two-cycle D ∩D7-brane is homologically trivial. In this case, the E3-
brane spectrum is transparent to the background 7-branes and is similar to the spectrum
for an E3-brane on a Calabi-Yau three-fold. Namely, the right- and left-handed zero-
modes are in one-to-one correspondence and have a precise physical interpretation. First,
since h0(D) = 1 for a connected D, there are two left-handed universal zero-modes
λαz.m., often denoted as θ
α in the literature, that can be seen as goldstini associated
to the supersymmetries ζαL broken by the E3-brane. Analogously, in the present case,
one has h0Q(D) = 1 too, that implies that there are two additional right-handed zero-
modes λ˜α˙, often denoted as τ¯ α˙ in the literature – see for instance [31] – associated to
the hidden supersymmetry broken by the 7-branes. The other zero-modes have a clear
geometrical interpretation. h1(D) = h1Q(D) counts left- and right-handed zero-modes
that are supersymmetric partners of the Wilson lines, while h2(D) = h2Q(D) counts
left- and right-handed zero-modes that are supersymmetric partners to the geometric
deformations. The latter statements uses the fact that the restriction to D of the three-
fold canonical bundle KQ ≃ L−1Q is trivial too. This implies that h2(D) = h2Q(D) =
dimH0(D,ND) through the standard adjunction formula and Serre duality.
Let us now assume that LQ|E3, is non-trivial, in the sense that the two-cycle D ∩
D7-brane is now homologically non-trivial. In this case, generically, there is a mismatch
between left- and right-handed zero modes. For instance, one obviously still has the
two universal zero-modes λαz.m. ∼ θα, but there could be a different number 2h0Q(D) of
almost-universal zero modes λ˜α˙z.m. ∼ τ¯ α˙. More precisely, h0Q(D) counts the number of
holomorphic sections of KX |E3. Requiring h0Q(D) = 0 implies that KX |E3 must be a
negative line-bundle on the E3-brane.
Finally, it can be useful to consider the weak coupling orientifold limit of the above
results, in which the axion-dilaton can be approximated as constant and each O7-plane,
covered by four D7-branes, generate a monodromy (2.24). This monodromy acts on the
world-volume fermions λ˜, ψ˜, ρ˜ by reversing their sign, while it leaves λ, ψ, ρ invariant.
By uplifting X to the double cover Calabi-Yau X˜ , one can see that the λ, ψ, ρ are even
under the orientifold involution, while λ˜, ψ˜, ρ˜ are odd. Then the fermionic zero modes are
even/odd harmonic representatives of (complex conjugated of the) even/odd cohomology
groups H0,i± (D˜), where D˜ is the double cover of D:
l.h. zero modes cohomology group
λαz.m. H
0,0
+ (D˜)
ψαz.m. H
0,1
+ (D˜)
ραz.m. H
2,0
+ (D˜)
r.h. zero modes cohomology group
λ˜α˙z.m. H
0,0
− (D˜)
ψ˜α˙z.m. H
1,0
− (D˜)
ρ˜α˙z.m. H
0,2
− (D˜)
(3.20)
This spectrum is counted by
hi±(D) := dimH
0,i
± (D) (3.21)
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and agrees with the results obtained in the literature based on specific orientifolds models.
In particular, in the case in which h1±(D) = h
2
±(D) = 0 (that in particular implies that
the divisor is rigid), the non-universal zero modes λ˜α˙z.m. ∼ τ¯ α˙ are absent only if h0,0− = 0,
that is possible only if the E3-brane coincides with its orientifold image, i.e. only if it is
a so-called O(1) E3-brane [27, 28, 29].
3.3 M5-brane index from IIB perspective
In [15], Witten provided a necessary condition for an E3-brane to contribute to the super-
potential in terms of the arithmetic genus of the divisor wrapped by the dual M5-brane
instanton. Here we would like to revisit Witten’s argument from the IIB perspective. Of
course, the two approaches must be equivalent, as we will discuss in the the following
section.
Witten’s argument is based on the observation that the M5-brane configuration is
symmetric under a U(1) rotation along the normal bundle to the divisor wrapped by the
M5-brane. In the IIB picture, one has to consider a rotation along the two directions
transverse to the divisor D ⊂ X . In particular, one has to consider the action of this
rotation on the world-volume fermionic fields.
Let us denote with (5, 6) the two (flat) directions normal to the E3-brane. Rotations
in these two directions can be seen as R-symmetry tranformations. We denote this sym-
metry by U(1)R. The ten-dimensional spinorial action of the U(1)R rotation is generated
by the matrix R = 1
2
1 ⊗ γ56, where we have used the gamma-matrices decomposition
(2.13). By using (2.14) and (3.12), one can alternatively write R = −1
2
1⊗ (γE3γ7). This
generator acts in the same way on both components θ1 and θ2 of (3.4). By looking at the
expansion (3.13) and using (3.11), it is easy to see that the world-volume fields transform
with charges
l.h. fermions U(1)R charge
λα −1/2
ψα +1/2
ρα −1/2
r.h. fermions U(1)R charge
λ˜α˙ +1/2
ψ˜α˙ −1/2
ρ˜α˙ +1/2
(3.22)
Taking into account the two-component spinorial structure of the world-volume zero-
modes, the path integral integration measure produces a violation of the U(1)R symmetry
given by
χE3 = (h
0(D)− h1(D) + h2(D))− [h0Q(D)− h1Q(D) + h2Q(D)]
≡ χ(D,OD)− χ(D,L−1Q ) (3.23)
of the U(1)R symmetry. As already written in (3.23), χE3 can be seen as the difference
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of the holomorphic Euler characteristics
χ(D,OD) := h0(D)− h1(D) + h2(D)
χ(D,L−1Q ) := h0Q(D)− h1Q(D) + h2Q(D) (3.24)
The U(1)R symmetry should not be anomalous, that implies that the U(1)R violation
generated by the fermion zero-modes must be compensated by a shift TE3 → TE3 −
iχE3 in the term e
−TE3 appearing in the non-perturbative contribution. In particular, a
superpotential is generated only if in the complete path-integral there are exactly two zero
modes, that implies that a necessary condition for having a non-trivial superpotential is
that
χE3 ≡ χ(D,OD)− χ(D,L−1Q ) = 1 (3.25)
In order to evaluate χE3, it can be useful to express it in terms of characteristic classes
by using the Hirzebruch-Riemann-Roch index theorem:
χ(D,OD) =
∫
D
Td(D) , χ(D,L−1Q ) =
∫
D
ch(L−1Q ) ∧ Td(D) (3.26)
By using the isomorphism LQ ≃ K−1X and the adjunction formulas, the identities (3.26)
can be useful for separately computing χ(D,OD) and χ(D,L−1Q ). For instance, the com-
bination that appears in χE3 simplifies to
χE3 = −12
∫
X
c1(LQ) ∧ [D] ∧ [D] (3.27)
where [D] is the Poincare´ dual to D in X .
By recalling the topology of the total divisor wrapped by the background 7-branes,
it is immediate to see from (3.27) that
χE3 = − 1
24
n (3.28)
where n is the total number of intersections of the 7-branes with the divisor self-intersection
D ∩D, with the appropriate multiplicities. In particular, the tadpole conditions ensure
that n is a multiple of 24.
Finally, notice that in the weak-coupling orientifold limit χE3 reduces to the equiv-
ariant index known as the holomorphic Lefschetz number L(D˜) discussed in [20]
χE3 = L(D) = h
0
+(D˜)−
[
h0−(D˜) + h
1
+(D˜)
]
+
[
h1−(D˜) + h
2
+(D˜)
]− h2−(D˜) (3.29)
that is computed in the double cover Calabi-Yau X˜ , with D˜ being the double cover of
the divisor D.
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In the orientifold limit, the formula (3.28) for χE3 can be expressed just in terms of
intersections with the O7-planes. Let us continue working on X = X˜/Z2. Taking into
account that each O7-plane is the bound-state of two mutually nonlocal 7-branes, one
can write
n = nD7 + 2nO7 (3.30)
On the other hand, the tadpole condition restricted on D ∩D gives the constraint
nD7 = 4nO7 (3.31)
Hence, n = 6nO7 and one can write the index χE3 just as
χE3 = −1
4
nO7 = −1
4
∫
X
[DO7] ∧ [D] ∧ [D]
= −1
4
∫
X˜
[DO7] ∧ [D˜] ∧ [D˜] (3.32)
where in the second line we have rewritten the result in the double cover Calabi-Yau X˜ .
More directly, in the weak coupling description reviewed in section 2.4, the total
divisor DO7 wrapped by the O7-planes is defined by (2.32), where h is a section of L2Q.
Hence [DO7] = c1(L2Q) = 2c1(LQ) and then (3.27) immediately implies the first line of
(3.32).
3.4 Comparison with the dual M-theory result
In the past sections we have learned that the twisted theory on an E3-brane allows us
to define the zero-modes as elements of sheaf cohomologies of the form H i(D,OD) and
H i(D,L−1Q ). In this section, we will briefly establish the link between these objects and
the zero-modes of the dual M5-brane considered by Witten in [15]. Most of this analysis
is based on the papers [60, 61, 62], see also [63].
Witten’s analysis translates the fermionic zero-modes on the M5-instanton in terms
of its worldvolume (0, i)-forms. Given an E3-brane on a divisor D ⊂ X , its dual M5-
brane is simply the restriction onto D of the elliptic fibration over X . Hence, if π is
the projection of the elliptic fiber π : Y → X , then the dual M5 wraps a divisor of the
Calabi-Yau four-fold Y is defined as
Dˆ ≡ π−1(D) (3.33)
Since the fibration is holomorphic, the cohomologies of D and Dˆ are related by the
so-called Leray spectral sequence (see [58], and [59] for some material), that eventually
implies that the Euler characteristics be related as follows:
χ(Dˆ,ODˆ) = χE3 ≡ χ(D,OD)− χ(D,KX) (3.34)
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Therefore, since KX = L−1Q , the new IIB index (3.23) computes exactly the index intro-
duced by Witten in [43] from the M-theory vantage point.
In order to learn about the zero-modes individually, however, the results of Kolla´r
[62] are crucial, because they show that the Leray spectral sequence simplifies drastically5
and one actually has the following relations:
dim H0(Dˆ,ODˆ) = dim H0(D,OD)
dim H1(Dˆ,ODˆ) = dim H0(D,KX) + dim H1(D,OD) (3.35)
dim H2(Dˆ,ODˆ) = dim H1(D,KX) + dim H2(D,OD)
dim H3(Dˆ,ODˆ) = dim H2(D,KX)
that originally appeared in [60, 61]. Clearly, the cohomology groups in the r.h.s. of
(3.35) coincide with the (complex conjugated) cohomologies appearing in (3.18), that
were found from the direct IIB zero mode spectrum.
The relations (3.35) were only understood as cohomological identities with no particu-
lar meaning. The present treatment of the E3-instanton gives them physical significance
and provides an interpretation of the M5 Hodge numbers in terms of more palatable
quantities from the IIB perspective, that can be summarized by the diagram in Fig. 1.
Therefore, given an instanton in a IIB setup, one does not necessarily need to construct
an M/F-theory lift of it, in order to determine whether a non-perturbative superpotential
will be generated.6
3.5 χE3 as the perturbative Ext index
In this section, we will show that the new index χE3, despite being defined in a non-
perturbative context, can be understood in terms of objects that appear naturally in
string theory, namely Ext groups.
A divisor D ⊂ X is associated to a holomorphic sheaf E with support on D, defined
by the short exact sequence
0→ OX(−D) ·PD−→ OX
|PD=0−→ ED → 0 (3.36)
The first object corresponds to the negative bundle whose sections have degree opposite to
PD, where PD is the section ofOX(D) that vanishes onD. The middle map corresponds to
multiplication by PD, and the map into ED corresponds to setting PD = 0, i.e. restricting
onto D. In mathematics, this is called a resolution of ED by line-bundles (locally free
sheaves).
5I.e. it degenerates at ‘page’ E2.
6It would be interesting to use the IIB/M-theory relation to explore the geometrization of non-
perturbative effects proposed in [64, 65, 66, 67] from the point of view of E3/M5-brane instantons.
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Figure 1: Schematic description of the reorganization of the E3 fermionic zero modes in terms
of the corresponding zero modes on the dual M5-brane. Here hi(E3) ≡ hi(D), hiQ(E3) ≡
hiQ(D) = dimH
i(D,KX) and h
i(M5) ≡ dimH i(Dˆ,ODˆ) ≡ dimH0,i∂¯ (Dˆ).
One can now compute the groups Exti(ED, ED) – see for instance [68, 69] for an
introduction to Ext-groups and to their applications to D-brane physics. Using the so
called local-to-global spectral sequence one gets
dimExt0(ED, ED) = dimH0(D,OD)
dimExt1(ED, ED) = dimH1(D,OD) + dimH0(D,ND)
= dimH1(D,OD) + dimH2(D,KX) (3.37)
dimExt2(ED, ED) = dimH2(D,OD) + dimH1(D,ND)
= dimH0(D,KX) + dimH
1(D,KX)
dimExt3(ED, ED) = dimH2(D,ND) = dimH0(D,KX)
where ND is the holomorphic normal bundle to D.
By recalling that KX ≃ L−1Q , one can see that the the Exti(ED, ED) classes coincide
with the E3 fermionic zero-mode spectrum (3.18). Furthermore, it is easy to see that χE3
reproduces the Ext-index7
χE3 ≡ IndExt(ED, ED) :=
∑
i
(−)i dimExti(ED, ED) (3.38)
In general, in the perturbative framework in which there are no SL(2,Z)-monodromies
and X is a Calabi-Yau, given two holomorphic sheaves E and F on X associated to two
D-branes, the Ext groups count the perturbative spectrum of open strings stretching be-
tween the two D-branes [70]. However, if X is a Calabi-Yau then Serre-duality (i.e. CPT
7The Hirzebruch-Riemann-Roch theorem for Ext-groups reads
∫
X ch(E) ch(F)∗ Td(X), that can be
used to further check the equivalence with χE3.
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conjugation) implies that dimExti(E ,F) = dimExti(F ,G) and then IndExt(ED, ED) ≡ 0.
In the present case, one gets in general a non-vanishing (3.38) because KX ≃ L−1Q is non-
trivial, due to the fact that one is actually considering non-perturbative backgrounds.
In any case, it is somewhat surprising from a physical perspective that the Ext groups
and the associated index, that are usually applied to perturbativeD-brane physics, capture
the spectrum of the E3-brane in non-perturbative backgrounds. It is not completely clear
to us whether this just an accidental correspondence or it hides a deeper motivation.
3.6 Implementation in the working example
Let us now put the results of this section into practice by using the example with X = P3
that was introduced in 2.5. We will first show them from the general IIB point of view
on X , then in Sen’s limit from the double-cover point of view, and finally in terms of the
dual M5-instanton.
Since this is a one-modulus three-fold , all divisors are Poincare´ dual to some multiple
of the hyperplane class [H ] ∈ H2(X,Z). Let use then choose as divisor wrapped by the
E3-brane an hypersurface defined by
D : {P (n)(z1, . . . , z4) = 0} (3.39)
for any degree n polynomial P (n)(z1, . . . , z4). This fixes the cohomology class of its
Poincare´ dual to be
[D] ≃ n[H ] (3.40)
According to the discussion of section (3.2), in order to compute the spectrum of E3
fermionic zero-modes, one needs to compute H i(D,OD) and H i(D,L−1Q ).
Let us first focus on the cohomology groups H i(D,OD), that counts the zero modes
associated to the left-handed world-volume fields λ, ψ, ρ, see (3.18). In order to compute
them, one can use the short exact sequence:
0→ OP3(−n)→ OP3 → OD → 0 (3.41)
where the first map is multiplication by the section of OP3(n) that vanishes on D and
the second map is just restriction.
This induces a long exact sequence of cohomologies. However, it is known that
H i(P3,OP3(k)) = 0 for i 6= 0, 3 and any k. Hence the long sequence breaks into sev-
eral short ones and one eventually gets
dim H0(D,OD) = 1
dim H1(D,OD) = 0
dim H2(D,OD) = dim H0(D,OP3(n− 4)) (3.42)
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The dimension of H2(D,OD) can be more explicitly computed by recalling that, in
general, one can count the sections of a line bundle OP3(d) by counting monomials of
degree d, that yields:
dim H0(P3,O(d)) =
(
d+ 3
3
)
(3.43)
Hence, one obtains the following spectrum of left-handed fermions on the E3-brane
l.h. fermions # zero modes
λα 2× 1
ψα 0
ρα 2× (n−1
3
)
(3.44)
As expected, for every n, there are the two universal zero modes λαz.m. ∼ θα. On the other
hand, if n ≥ 4, there are additional 2(n−1)!
3!(n−4)!
zero-modes ραz.m..
One can now turn to the right-handed fermions λ˜, ψ˜, ρ˜, whose zero modes are counted
by H i(D,L−1Q ) ≡ H i(D,OP3(−4)), see (3.18). In order to compute their dimensions, one
can follow the same strategy as above, using now the short exact sequence
0→ OP3(−n)⊗KP3 → KP3 → KP3 |D → 0 (3.45)
The result is
dim H0(D,KP3) = 0
dim H1(D,KP3) = 0
dim H2(D,KP3) = dim H
0(P3,OP3(n))− 1 (3.46)
By using the general formula (3.43), for the right-handed fermionic spectrum one then
obtains
r.h. fermions # zero modes
λ˜α˙ 0
ψ˜α˙ 0
ρ˜α˙ 2× [(n+3
3
)− 1]
(3.47)
One can then see that the right-handed sector contributes with 2(n+3)!
n!3!
− 2 zero modes
ρ˜α˙z.m..
In summary, in addition to the two universal zero modes λαz.m. ∼ θα there is always a
certain number of zero modes ρ˜α˙z.m. and, for n ≥ 4, additional zero modes ραz.m.. The zero
modes ρ˜α˙z.m. have a clear geometrical interpretation, as dimH
2(D,KP3) = dimH
0(D,ND)
by Serre duality and then they can be seen as the supersymmetric partner of the geomet-
rical deformations of the divisor D. Since ND ≃ OP3(n)|D, they can be directly counted
as follows:
dim H2(D,KP3) = dim H
0(OP3(n))
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= # monomials of degree n in z1, . . . z4 minus one
=
(
n+ 3
3
)
− 1 (3.48)
where the minus one corresponds subtracting the defining polynomial P (n), since we
only count deformations. On the other hand, ραz.m. are associated to some kind of twisted
geometrical deformations, whose interpretation will become more transparent in the weak
coupling orientifold limit.
Now, the index χE3 can be immediately computed from (3.23) to be
χE3 = −2n2 (3.49)
that is always different from 1. Alternatively, one can easily get the same result from
(3.27), by using (3.40), together with the identity c1(LQ) = −c1(KP3) = 4[H ] and the
fact that
∫
P3
[H ] ∧ [H ] ∧ [H ] = 1.
Let us now revisit these results from the orientifold point of view, as was done in [20].
The divisor D ⊂ P3 has a double-cover divisor D˜ in the double-cover Calabi-Yau three-
fold ⊂ X˜ = P411114[8] discussed in section 2.5. Now, the canonical bundle of the three-fold
is trivial, but the relevant information is encoded in the Z2-equivariant structure of the
orientifold involution ξ → −ξ.
The condition (3.40) translates into [D˜] = n [H ] in X˜, where we continue to use the
symbol H to denote the double cover of H , hoping that this will not cause confusion. Its
Poicare´ dual [H ] in X˜ can be thought of as the pullback of the hyperplane class [H ] in P3
under the Z2 projection and we use the notation OX˜(n) ≡ OX˜(nH). The most general
effective divisor D˜ of this kind is given by the intersection of (2.40) and the vanishing
locus
P˜ (n)(z1, . . . , z4, ξ) = 0 (3.50)
of a homogeneous degree n polynomial P˜ (n)(z1, . . . , z4, ξ), where ξ itself has degree four,
that is furthermore even in ξ in order to respect the orientifold involution ξ → −ξ. How-
ever, we restrict to configurations that are irreducible double covers of single connected
holomorphic hypersurfaces D in X ≡ P3, with (3.50) just given by (3.39), i.e. indepen-
dent of ξ. This means that the divisor D˜ is transversely invariant under the orientifold
action, i.e. is a so-called O(1) instanton.
In order to understand the fermionic zero-mode spectrum, one needs to compute the
orientifold-even and -odd cohomology groups H i±(D˜,OD˜).
First, considering only connected transversely invariant divisors, one finds
dim H0,0+ (D˜) = 1 , dim H
0,0
− (D˜) = 0 (3.51)
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This matches (3.44) and (3.47), cf. with (3.20).
Furthermore, it is useful to note that the line bundle OX˜(1) is very ample. Then, the
Lefschetz hyperplane theorem guarantees that
H1(D˜,OD˜) = 0 ⇔ H0,1± (D˜) = 0 (3.52)
By inspecting (3.20), one can see that this is again in agreement with (3.44) and (3.47).
Finally, by Serre duality, one knows that
dim H0,2± (D˜) = dim H
0
∓(D˜, ND˜) (3.53)
where ND˜ is the normal bundle to D˜ in X˜ . Note that, since the holomorphic (3, 0) form
is orientifold-odd, Serre duality exchanges the two subgroups of the cohomology with
opposite Z2 parity. Therefore, H
0,2
− (D˜) corresponds to divisor deformations that respect
the orientifold involution, whereas H0,2+ (D˜) corresponds to those that are odd under it.
In fact, one can directly count the even and odd sections. Orientifold odd sections of the
normal bundle correspond to deformations of the divisor’s polynomial P˜ (n)(z1, . . . , z4, ξ)
that are linear in ξ. The even ones do not contain ξ. Notice that higher powers of ξ can
be eliminated via the hypersurface equation (2.40).
It is then easy to see that the counting of H0,2− (D˜) is identical to the counting in (3.48)
and gives the same result. This is of course what one was to reproduce: the number of
zero modes ρ˜α˙z.m. in (3.47).
On the other hand, the odd sections, that are linear in ξ, are counted by
dimH0,2+ (D˜) = dim H
0
−(D˜, ND˜)
= # monomials of degree n− 4 in z1, . . . z4
=
(
n− 4 + 3
3
)
(3.54)
This indeed coincides with the dimension of H2(D,OD) and gives a clearer interpretation
of the zero modes ραz.m. found in (3.44).
Finally, according to the discussion in section 3.4 one can easily lift all this information
to the dual M5-brane. By using (3.35), one can relate the cohomologies of D ⊂ X to
the cohomologies of the M5-instanton divisor Dˆ ≡ π−1(D) ⊂ Y , where π : Y → X is the
projection from the elliptically fibered Calabi-Yau four-fold to its base X , as follows:
dim H0(Dˆ,ODˆ) = dim H0(D,OD) = 1
dim H1(Dˆ,ODˆ) = dim H0(D,KX) + dim H1(D,OD) = 0 (3.55)
dim H2(Dˆ,ODˆ) = dim H1(D,KX) + dim H2(D,OD) =
(
n− 1
3
)
dim H3(Dˆ,ODˆ) = dim H2(D,KX) =
(
n + 3
3
)
− 1
29
The relevant index for the M5, i.e. the holomorphic characteristic χ(Dˆ,O) [15], does
obviously coincide with (3.49).
4 Magnetized E3-instantons
From now on, we would like to relax the simplifying assumption (3.1) and study how a
non-trivial world-volume flux
F := 2πα′FE3 − ι∗B2 6= 0 (4.1)
can change the story. The supersymmetry of the E3-brane imposes that it still wrap an
effective divisorD and that the world-volume flux F satisfy the anti-self-duality condition
F = − ∗ F (4.2)
that can be alternatively expressed by the pair of conditions
F0,2 = 0 (holomorphy)
J ∧ F = 0 (primitivity) (4.3)
This conditions can be derived from standard arguments, paying particular attention to
the analytic continuation necessary to extend the fermions to Euclidean signature, as in
section 3.1.8
4.1 World-volume fluxes and duality
As it is clear form (4.1), the world-volume flux F receives two kinds of contributions.
One comes from the pull-back of the bulk NS-NS B2 field, and the other from the world-
volume flux FE3. Both transform non-trivially under the SL(2,Z)-duality transformation.
Let us first recall that B2 pairs up with the R-R two form C2 to transform as a
doublet under SL(2,Z)-duality
(
C2
B2
)
→
(
a b
c d
)(
C2
B2
)
(4.4)
As we are going to discuss, this transformation is consistent with the transformation of
the world-volume flux FE3.
8See for instance appendix D of [64] for a detailed general discussion, that includes the setting
considered in this paper as a particular subcase.
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Let us then turn to the purely world-volume part FE3. First introduce the dual
field-strength FDE3 defined as
FDE3 = −2πi
δSE3
δFE3
(4.5)
In this section, as already stated, we work in Euclidean signature. Thus most equations
should be considered as the analytical continuation of equations in Minkwskian signature,
wherein their meaning would be more transparent. In (4.5) the functional derivative is
defined by δSE3 =
∫
D
δSE3
δFE3
∧ δFE3 and SE3 is the (Wick rotatated) general off-shell action
SE3 =
1
(2π)3α′2
∫
D
d4σ
√
det(h+ e−φ/2F) + i
(2π)3α′2
∫
D
(
C4+C2∧F+1
2
C0F∧F
)
(4.6)
This action, and actually its full supersymmetric extension, is invariant under SL(2,Z)-
duality, under which FDE3 and FE3 transform as a doublet – see for instance the explicit
discussion in [57]. Hence, it is useful to introduce
FD := 2πα′FDE3 − ι∗C2 (4.7)
that pairs with F into a doublet under SL(2,Z)-duality:
( FD
F
)
→
(
a b
c d
)( FD
F
)
(4.8)
It is then convenient to consider the combinations
F− := ieφ(τ¯F − FD)
F+ := −ieφ(τF −FD) (4.9)
that transform as sections of LQ and L¯Q respectively under SL(2,Z)-duality.
Now, the key observation is that in the case we are interested in, namely E3-branes
wrapping a divisor D with anti-self-dual flux (4.2), one has
F− = 2F , F+ = 0 (for ∗F = −F) (4.10)
A quick check of this is obtained by using the fact that the supersymmetric E3-brane is
calibrated, in generalized sense of [71]. For the purpose of evaluating the on-shell value
of FDE3 from (4.5), this allows to use the simplified action obtained by substituting the
DBI term in (4.6) with the value provided by the generalized calibration Re(eiJ), that is
SE3 =
1
(2π)3α′2
∫
D
[1
2
J ∧ J + i
(1
2
τ F ∧ F + C4 + C2 ∧ F
)]
+ . . . (4.11)
where the . . . on the right are contributions at least quadratic in terms that vanish on
the supersymmetric configurations [72] and then they do not effectively contribute to the
evaluation of the on-shell FDE3.
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From (4.11) and (4.5) one readily gets 2πα′FDE3 = τF+C2 , that indeed implies (4.10).
Equations (4.10) have the consequence that, in the case we are interested in, one should
consider F as taking values in LQ, that is
e−φ/2F ∈ Λ1,1 ⊗ LQ (4.12)
Furthermore, since ∂¯F = 0, then ∂¯Q(e−φ/2F) = 0 and F identifies the following coho-
mology classes
[e−φ/2F ] ∈ H1,1
∂¯
(D,LQ) ⇔ [F ] ∈ H1(D, T ∗D ⊗ LQ) (4.13)
where T ∗D is the holomorphic cotangent bundle on D.
At this point one has to face a little subtlety. Take the Minkowskian Bianchi identity
dF = 0 (if H3 = 0) and assume that it is valid in the Euclidean case we are interested
in. Being F purely (1, 1), this naturally splits into ∂¯F = 0 and ∂F = 0. Now, as we
saw above, ∂¯F = 0 is SL(2,Z)-covariant, being equivalent to ∂¯Q(e−φ/2F) = 0. On the
other hand, ∂F = 0 is not SL(2,Z)-covariant. This effect is accompanied by a failure of
the expected field equation dFD = d(τF) = 0. Again, this can be split into two parts:
∂¯FD = 0 and ∂FD = 0. Since FD = τF , the first is indeed automatically implied by the
Bianchi identity ∂¯F = 0 and then it is SL(2,Z)-covariant by itself. On the other hand,
the second is incompatible with the SL(2,Z) non-covariant Bianchi Identity ∂F = 0, and
furthermore it is not SL(2,Z)-covariant by itself. Hence, by invoking the principle of
SL(2,Z)-covariance, it is natural to consider the possibility that ∂F = 0 and ∂(τF) = 0
are both incorrect and should be substituted by a single SL(2,Z)-covariant equation, that
should reduce to ∂F = 0 when τ is constant. The most natural choice is
∂Q(e
−φ/2F) = 0 (4.14)
We may interpret this possibility as follows. In Minkowski signature Bianchi identities
and equations of motion are usually put on different footings and only the second ones are
influenced by the background axion-dilaton. On the other hand, switching to Euclidean
signature, the supersymmetric anti-self-duality condition mixes Bianchi identities and
equations of motion into an anti-holomorphic (∂¯) and holomorphic (∂) part. Now it
would be the anti-holomorphic part that is insensitive to the non-trivial τ , while the
holomorphic one would be modified by it.9 In fact, we will never explicitly need (4.14),
with the only exception of section 4.6, where one will be naturally led to consider it.
9This unbalancing between holomorphic and anti-holomorphic sectors generated by the non-trivial τ ,
that is an ubiquitous ingredient in the present discussion, has a simpler manifestation if one considers
E(−1)-instantons. Indeed, the action would simply be given by τ(zE(−1)), and so it would automatically
be extremized wrt the anti-holomorphic variables (z¯E(−1)) but not wrt the holomorphic ones (zE(−1)).
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The present situation is reminiscent of the fate of YM instantons in the presence of
non-trivial VEV’s for charged scalars. Instanton solutions no longer satisfy the classical
coupled field equations and they only extremize the Euclidean action if some ‘constraint’
is added by including additional terms in the action, whence the name ‘constrained in-
stantons’. Although one can feel uneasy by expanding around a configuration that is
not a solution of the ‘naive’ field equations, the success of supersymmetric instanton
calculus10, that relies on elegant and sound localization techniques, should be taken as
an encouraging analogy for the validity of our analysis. At any rate, whenever a pertur-
bative orientifold limit with constant τ is possible, these subtleties seems to disappear.
Furthermore, even for weakly coupled orientifold limits with non-constant τ , one could
check the validity of the analysis by directly using open-string techniques.
4.2 Fermions and fluxes: the simplest case of constant τ
We now come back to our main problem, the study of the effect of a non-trivial world-
volume flux (4.1) on the fermionic zero-modes spectrum. In this subsection we restrict
to the simpler subcase in which the axion-dilaton is (or is approximated to be) constant
and the internal metric is Ricci-flat. Clearly the weak-coupling orientifold backgrounds
fit into this class.
What one needs to do is to repeat the steps of section 3.1, so one can proceed quite
speedily, mutatis mutandis for taking into account the non-trivial flux. First of all, the
operator ΓE3 gets modified. Namely, by using the gamma-matrix decomposition (2.13),
in (3.7) one should take γˆE3 = 1⊗ γE3(F), with
γE3(F) = −i ǫ
a1...a4√
det(h + e−φ/2F)
( 1
4!
γa1...a4 +
1
4
e−φ/2Fa1a2γa3a4 +
1
8
e−φFa1a2Fa3a4
)
(4.15)
We continue imposing κ-fixing condition in the form (3.6) and the supersymmetry con-
dition still reads (3.12).
The quadratic action for the κ-fixed Green-Schwarz fermions is now given by [16]
SF =
2πi
ℓ4s
∫
D
d4σ
√
detM Θ(M−1)abΓa∇ˆbΘ (4.16)
where Mab := hab + e
−φ/2Fab and Mab := hab1+ e−φ/2Fab σ3.
One also needs to decompose Θ in terms of new (topologically twisted) world-volume
fields. Because of the modification of ΓE3, the decomposition (3.13) does not fulfill
the κ-fixing condition (3.6) anymore and must be deformed into a new one. A new
10See e.g.[73] for a recent review.
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decomposition that we will find convenient is


θR1 =
1
2
(
λ˜⊗ η +
√
det h
detM
Mabψ˜a ⊗ γbη∗ + 12 ρ˜ab ⊗ γabη
)
θR2 =
i
2
(
λ˜⊗ η −
√
det h
detM
(MT )abψ˜a ⊗ γaη∗ + 12 ρ˜ab ⊗ γabη
)


θL1 =
1
2
(
λ⊗ η∗ +
√
det h
detM
Mabψa ⊗ γbη + 12ρab ⊗ γabη∗
)
θL2 =
i
2
(
λ⊗ η∗ −
√
det h
detM
(MT )abψa ⊗ γaη + 12ρab ⊗ γabη∗
) (4.17)
The decomposition (4.17) clearly reduces to (3.13) in the limit F → 0, in which M → h.
By pugging (4.17) into the action (4.16), after some manipulations, one gets
SF =
4πi
ℓ4s
∫
D
(
ψ ∧ ∗∂λ− ψ˜ ∧ ∗∂¯λ˜− ρ ∧ ∗∂¯ψ + ρ˜ ∧ ∗∂ψ˜)
+
4πi
ℓ4s
∫
D
√
det h
(
ρ · SF · ρ− ρ˜ · S˜F · ρ˜
)
(4.18)
We have introduced the short-handed notation
ρ · SF · ρ := 1
4
ρab(SF)abcdρcd , ρ˜ · S˜F · ρ˜ := 1
4
ρ˜ab(S˜F )abcdρ˜cd (4.19)
where SF and S˜F are tensors that are anti-symmetric and purely (anti-)holomorphic in
(ab) and (cd), explicitly given in (anti-)holomorphic indices by
(SF)ı¯¯uv = −e−φKmt¯[¯ıF¯] t¯Ω¯muv
(S˜F )ij u¯v¯ = −e−φKmt[iFj]tΩmu¯v¯ (4.20)
The first line in (4.18) is just (3.16) in the case of constant axion-dilaton, Q1 = 0.
Hence, one can see that the new decomposition (4.17) allows us to get the same kinetic
terms for the topologically twisted world-volume fields. The possibility to reach this
result is not a priory obvious at all.
The second line of (4.18) provides a new mass-like term for ρ and ρ˜, induced by the
world-volume flux through the appearance of the extrinsic curvature Kmab. The definition
and some useful properties of the extrinsic curvature are reviewed in appendix B.
In the case of an orientifold background, the action of the E3-brane wrapping the
double-cover divisor D˜ in the double cover Calabi-Yau X˜ take the very same form as
(4.18). Both Ω and F are odd under the orientifold involution and then SF and S˜F
stay invariant. Furthermore, since the monodromy (2.24) acts on Θ as −iσ2 and on η as
η → iη, it is easy to see from (4.17) that λ, ψ and ρ are even under the O7-involution,
while λ˜, ψ˜ and ρ˜ are odd. Hence the action (4.18) is manifestly invariant under the
orientifold involution, as required.
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We stress that the above transformation rules under the orientifold involution for the
topologically twisted world-volume fermions are the same as those found in the flux-
less case discussed in section 3.2. This is probably one of the reasons why our choice
(4.17) leads to the particularly simple action (4.18). Crucially, as we will see in the next
subsection, this observation continue to hold for the complete SL(2,Z)-duality group.
4.3 Fermions and fluxes with generic τ
We can now address the generalization of the above results to the case in which τ has a
more general non-constant (and holomorphic) profile. In principle, one could repeat the
steps of the previous subsection, starting back again from the general action in [16] and
simply allowing for a non-constant τ . Although straightforward, this procedure turns
out to be technically quite intricate. Then, here we follow an alternative strategy, that
allows to obtain the desired result without much effort.
The important ingredient is that the action should be invariant under SL(2,Z) duality.
This has been demonstrated in full generality in [57] and in this section we would like to
explore the consequences of this general result for the specific problem at hand. In the
flux-less case of section 3 we found that the topologically twisted world-volume fermions
transform nicely under the SL(2,Z) duality and in section 4.2 we have already seen
that, for constant τ , this property is preserved for the Z2 subgroup corresponding to the
orientifold involution. What we would like to argue here is that, even for non-constant
τ , the decomposition (4.17) provides topologically twisted world-volume fermions that
continue to transform under the SL(2,Z) duality in exactly the same simple way that was
found in the flux-less case.
The understanding of the transformation properties of the topologically twisted world-
volume fermions is not as straightforward as in the fluxless case for the following reason.
As already mentioned, in general the combinations θ1±iθ2 of the Majorana-Weyl fermions
appearing in (3.4) transform with U(1)Q charge ±1/2 under SL(2,Z) duality. If one tries
to naively apply this transformation to (4.17), taking into account that η and F have
U(1)Q charge +1/2 and +1, one seems to encounters an horrible non-linear propagation
of this U(1)Q action on the topologically twisted world-volume fermions, that originates
exactly in the (non-linear) presence of the non-vanishing F in (4.17). However, one has to
be careful since, in presence of world-volume fluxes, this U(1)Q action generically breaks
the κ-fixing condition (3.6). Let us try to be very explicit on this point.
In bi-spinor formalism, the U(1)Q action is given by
Θ→ Θ′ = e− i2ασ2Θ (4.21)
where α = arg(cτ + d). On the other hand, the infinitesimal κ-symmetry gauge transfor-
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mation around a bosonic background can be written as
δκΘ = P
+
κ (F)κ (4.22)
for an arbitrary spinor κ, where use of the projectors has been made
P±κ (F) =
1
2
(
1± ΓE3
)
(4.23)
that, as explicitly indicated, depend on F . In this paper we have chosen to gauge-fix
(4.22) by imposing that
P+κ (F)Θ = 0 (4.24)
Now, it should be evident that the SL(2,Z) action (4.21) generically breaks (4.24), that
must then be re-established by acting with a compensating κ-symmetry transformation.
In order to find the κ-fixing preserving transformation, it is convenient to work with
an infinitesimal SL(2,R)-trasformation of the form (4.21), that should still be preserved
at the supergravity level. Hence
δSΘ = − i
2
ασ2Θ (4.25)
Now, the deformed bispinor Θ′ ≃ Θ + δSΘ should be corrected by a κ-symmetry trans-
formation in such a way that it preserves the κ-fixing condition P+κ (F ′)Θ′ = 0, where
e−φ
′/2F ′ = eiαe−φ/2F ≃ (1+iα)e−φ/2F . Hence, by defining δSP−κ (F) = P−κ (F ′)−P−κ (F),
the κ-fixing preserving first order deformation is given by
δˆSΘ = P
−
κ (F) δSΘ+ δP−κ (F) Θ (4.26)
At this point, all one has to do is to plug the decomposition (4.17) into (4.26), taking
into account that η transform with U(1)Q charge +1/2 and extract the resulting trans-
formations for the world-volume fermions. After some tedious algebra, one eventually
finds that all nasty terms drop out and one is left with a simple linear action of the
topologically twisted world-volume fermions
δˆSλ = δˆSψ = δˆSρ = 0
δˆSλ˜ = −iαλ˜ , δˆSψ˜ = iαψ˜ , δˆS ρ˜ = −iαρ˜ (4.27)
Hence, on the twisted world-volume fermions the apparently complicated action of the
infinitesimal SL(2,R) duality simplifies drastically and reduces to a simple linear action.
In particular, this can be readily exponentiated into a simple finite SL(2,R), and hence
SL(2,Z), action of the form
λ, ψ, ρ→ λ, ψ, ρ , λ˜→ e−iαλ˜ , ψ˜ → eiαψ˜ , ρ˜→ e−iαρ˜ (4.28)
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Hence, even in presence of fluxes, the topologically twisted world-volume fermions con-
tinue to transform under SL(2,Z)-duality with the same U(1)Q charges as in the fluxless
case. In particular, their properties are still summarized by (3.15). One can then see the
naturalness of the decomposition (4.17), even in the case of non-constant τ .
Furthermore, notice that the tensors SF and S˜F transform nicely under SL(2,Z)-
transformation, namely with charge 0 and +2. In particular, they can be seen as operators
SF : Λ2,0 → Λ0,2 , S˜F : Λ0,2 ⊗ L−1Q → Λ2,0 ⊗ LQ (4.29)
One can now make the following observation. Take τ -constant. With the above rules,
it is clear that the action (4.18) is invariant under a global SL(2,Z)-duality. This action
must extend to the case of a more general F-theory background with non-constant τ in
such a way as to be invariant under the SL(2,Z)-transformations that characterize it.
Furthermore this generalization must reduce to (3.16) in the case of constant flux. All
these ingredients mashed together practically uniquely fix the complete effective action to
be the simple ‘covariantization’ of (4.18) obtained by replacing the ordinary derivatives
on U(1)Q-charged fields with the U(1)Q-covariant derivatives.
Hence, we conclude that, in presence of a non-trivial world-volume flux, the fermionic
E3-brane action is given by
SF =
4πi
ℓ4s
∫
D
(
ψ ∧ ∗∂λ− ψ˜ ∧ ∗∂¯Qλ˜− ρ ∧ ∗∂¯ψ + ρ˜ ∧ ∗∂Qψ˜
)
+
4πi
ℓ4s
∫
D
√
det h
(
ρ · SF · ρ− ρ˜ · S˜F · ρ˜
)
(4.30)
where ∂Q := ∂ − iqQ1,0, ∂¯Q := ∂¯ − iqQ0,1, with q being the U(1)Q-charge given in (3.15).
4.4 Flux-modified zero modes
The action (3.16) leads to the following flux-modified fermionic equations
∂λ = 0 , ∂¯Qλ˜ = 0
∂¯†ψ = 0 , ∂†Qψ˜ = 0
∂†ρ = 0 , ∂¯†Qρ˜ = 0
∂¯ψ = SF · ρ , ∂Qψ˜ = S˜F · ρ˜ (4.31)
Clearly, comparing these equations with the flux-less ones (3.17), one can see that the
only effect of the flux is to slightly mix ψ and ρ, and analogously for ψ˜ and ρ˜. However, in
order to count the zero modes associated to ψ and ψ˜, one can consistently set ρ = ρ˜ = 0.
So one obtains that ψz.m. and ψ˜z.m. are still given by harmonic representatives of the
cohomology groups H0,1
∂¯
(D) and H1,0∂ (D,LQ) respectively. Nothing changes for λz.m.
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and λ˜z.m. as well, that are still given by the harmonic representatives of H
0,0
∂ (D) and
H0,0
∂¯
(D,L−1Q ).
The story changes for ρ and ρ˜. On the one hand, the third line of (4.31) implies
that ρz.m. and ρ˜z.m. must still be a harmonic representatives of H
2,0
∂ (D) and H
0,2
∂¯
(D,L−1Q )
respectively, as in the flux-less case. However, for ρz.m. and ρ˜z.m. to be true zero-modes,
the last line in (4.31) requires SF · ρz.m. to be ∂¯-exact and S˜F · ρ˜z.m. must be ∂Q-exact.
One can rewrite this condition as follows. First, restricting the action of SF and S˜F
onto harmonic forms, one can see them as maps between cohomology classes
SF : H2,0∂ (D)→ H0,2∂¯ (D)
S˜F : H0,2∂¯ (D,L−1Q )→ H2,0∂ (D,LQ) (4.32)
Hence, the condition for harmonic ρz.m. and ρ˜z.m. to be true zero-modes is that
[SF · ρ] = 0 ∈ H0,2∂¯ (D)
[S˜F · ρ˜] = 0 ∈ H2,0∂ (D,LQ) (4.33)
Once (4.33) is guaranteed, the last equation in (4.31) can be integrated by using the
standard Hodge decomposition
ψ = ψz.m. + ∂¯
†∆−1
∂¯
(SF · ρz.m.)
ψ˜ = ψ˜z.m. + ∂
†
Q∆
−1
∂Q
(S˜F · ρ˜z.m.) (4.34)
Here ψz.m. and ψ˜z.m. are the harmonic forms introduced above, that count as independent
zero modes. On the other hand, one can see that if ρz.m. (ρ˜z.m.) is non-vanishing and sat-
isfies the condition (4.33), then ψ (ψ˜) acquires an additional corresponding non-vanishing
but uniquely determined profile.
One could re-express the above results in terms of sheaf cohomologies. Namely, one
can see SF and S˜F as maps
SF : H2(D, O¯)→ H2(D,O)
S˜F : H2(D,L−1Q )→ H2(D, L¯−1Q ) (4.35)
Then, in summary, one finds that the in presence of fluxes the fermionic zero modes
are associated with
l.h. zero modes vector space
λαz.m. H
0(D, O¯D)
ψαz.m. H
1(D,OD)
ραz.m. kerSF ⊂ H2(D, O¯D)
r.h. zero modes vector space
λ˜α˙z.m. H
0(D,L−1Q )
ψ˜α˙z.m. H
1(D, L¯−1Q )
ρ˜α˙z.m. ker S˜F ⊂ H2(D,L−1Q )
(4.36)
These results clearly show that a world-volume flux can potentiallly lift part of the
zero-modes of ρ and ρ˜. According to the discussion of section 3.2, these zero-modes
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are the (Q-twisted) supersymmetric partners of the bosonic zero modes describing the
infinitesimal deformations of the divisor. In fact, the above flux-induced fermionic moduli
lifting has a geometrical counterpart – see for instance [70, 68, 74]. We will come back
to this point in subsection 4.6
On the other hand, one can also see very explicitly that world-volume fluxes cannot
lift the h0(D), h1(D), h0Q(D) and h
1
Q(D) zero modes. This observation fits in well with
the results scattered in the literature, mostly based on specific examples – see for instance
[31] and references therein.
4.5 Index for magnetized E3-branes
In section 3.3 we have provided a direct IIB derivation of the index in [15]. The derivation
is based on the U(1)R symmetry correponding to a rotation of the complex coordinate
orthogonal to the divisor. Notice that, even in presence of fluxes, the U(1)R charges
of the topologically twisted world-volume fermions are still given by (3.22). Hence by
looking at the quadratic fermionic action (4.30) it is immediate to realize that, contrary
to the naive expectation, the presence of world-volume flux explicitly breaks the U(1)R
symmetry. The breaking has its origin in the appearance of the extrinsic curvature.
However, even though the U(1)R symmetry acting only on the word-volume fermions
is broken, the extrinsic curvature appears contracted with three-form Ω or its complex
conjugated. As it is evident from (2.19), Ω transforms with U(1)R charge −1. Hence,
from the world-volume perspective, Ω can be thought of as a spurion restoring the U(1)R
that, regarded as a local Lorentz symmetry, should not be broken in the complete theory.
Such spurionic couplings give a mass to the ρ and ρ˜ zero modes that lie in the kernel
of the operators SF and S˜F defined above. Hence, in the path-integral, the integration
of these massive would-be zero-modes will pull-down such spurionic mass terms that,
combined with the factor e−TE3, will modify the anomaly argument.
Hence by defining, in addition to (3.19), the flux-modified Hodge numbers
h2(F) := dim [kerSF ⊂ H2(D, O¯)] , h2Q(F) := dim[ker S˜F ⊂ H2(D,L−1Q )] (4.37)
one is led to consider the modified index
χE3(F) := h0 − (h0Q + h1) + [h1Q + h2(F)]− h2Q(F)
≡ χ0E3 − (dim ImSF − dim Im S˜F ) (4.38)
where we have defined χ0E3 := χE3(F = 0).
Clearly χE3(F) counts the amount of surviving zero-modes weighted by the sign of
their U(1)R charge. The natural generalization of Witten’s criterion, necessary but by
no means sufficient, is then given by
χE3(F) = 1 (4.39)
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So far, we have only considered the quadratic fermionic action. Hence, it could appear
that in principle there could be other U(1)R violating higher order terms that could spoil
(4.39). However, standard non-rinormalization arguments imply that, up to the overall
factor e−TE3 , the resulting superpotential can be computed in the limit TE3 → ∞, in
which the metric of the bulk three-fold X is infinitely scaled up. In this limit the higher
order terms vanish and hence we do not expect them to modify the above arguments.
Under this reasonable assumption, (4.39) appears as the most natural necessary condition
to be considered.
Finally, in section 3.5 we have pointed out the identity (3.38) between χE3 in the
absence of fluxes and the Ext-index. It is not clear to us whether this correspondence
can be in some way extended to the case in which world-volume fluxes are turned on. One
of the reasons is that, in an F-theory background, the flux cannot be easily associated to
standard perturbative data underlying the definition of Ext-groups.
It is conceivable that one might be able to calculate the index (4.39) in the orientifold
weak coupling limit via some generalization of the Z2-equivariant Hirzebruch-Riemann-
Roch index theorems exploited in [75], but for Ext-groups.
4.6 On flux-induced zero-modes lifting
We would like to understand better the mechanism that regulates the flux-induced
moduli-lifting. As already mentioned, this mechanism has a geometric counterpart.
The infinitesimal deformations of the divisor are generated by the holomorphic sec-
tions of the normal bundle H0(D,ND). Even though by definition these deformations
preserve the holomorphy of the embedding, it is important to realize that part of them
can also produce a deformation of the complex structure induced on D by the bulk. This
effect originates from the non-holomorphic split of the short exact sequence
0→ TD → TX |D → ND → 0 (4.40)
Namely, not every holomorphic section of ND can be uplifted to a holomorphic section
of TX |D. Take the long exact sequence
. . .→ H0(D, TX |D) m→ H0(D,ND) δ→ H1(D, TD)→ . . . (4.41)
Since Imm = Ker δ, one can see that the holomorphic sections of ND which cannot be
uplifted to holomorphic sections of TX |D are the ones whose δ-image in H1(D, TD) does
not vanish.
In appendix B it is shown how the extrinsic curvature provides an explicit realization
of the δ-map. Namely, working in terms of the associated smooth complex bundles, given
a covariantly holomorphic section V of ND (regarded as a U(1) line bundle), one finds
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that a representative of H1(D, TD) ≃ H0,1∂¯ (D, TD) is provided by ΥmV m, where Υm is
defined in (B.12).
Before proceeding, notice that one can analogously consider the twisted short exact
sequence
0→ TD ⊗LQ|D → (TX ⊗ LQ)|D → ND ⊗ LQ|D → 0 (4.42)
and repeat all the arguments above. Take a covariantly holomorphic section V ofND⊗LQ,
which corresponds to a holomorphic section of ND ⊗ LQ. Then the obstruction for the
latter to become a holomorphic section of (TX ⊗ LQ)|D is given by a non-vanishing
cohomology class of ΥmV
m in H0,1
∂¯
(D, TD ⊗ LQ) ≃ H1(D, TD ⊗ LQ).
The above arguments are clearly valid for the complex-conjugated anti-holomorphic
quantities or if one replaces LQ and LQ by any other line bundles on X .
Take now the world-volume fermions ρ and ρ˜. We have seen that, for them to be
zero-modes, they must define harmonic representatives of H2,0∂ (D) and H
0,2
∂¯
(D,L−1Q ) re-
spectively. By using Ω, one can associate with them the vectors V ∈ H0,0
∂¯
(D,ND ⊗L−1Q )
and V˜ ∈ H0,0∂ (D, N¯D) given by
V m =
1
2
e−φ/2Ω¯mabρab , V˜
m =
1
2
e−φ/2Ωmabρ˜ab (4.43)
In holomorphic indices, one then has
(Υ · V )i¯ = −1
2
e−φ/2Kmi¯Ω¯muvρuv , (Υ · V˜ )ı¯j = −1
2
e−φ/2Kmı¯jΩmu¯v¯ρ˜u¯v¯ (4.44)
so that Υ ·V ∈ H0,1
∂¯
(D, TD⊗L−1Q ) and Υ · V˜ ∈ H1,0∂ (D, T¯D) are exactly the combinations
which appear in the fermionic equations of motion (4.31).
We can now turn our attention onto the world-volume flux. Supersymmetry demands
it to be (1, 1). Clearly, any deformation of the complex structure of D generated by
v ∈ H0,1
∂¯
(D, TD) ≃ H1(D, TD) can break supersymmetry since it could generate a non-
vanishing
δvF0,2 ≡ v · F := vi¯Fiu¯ds¯¯ ∧ dsu¯ (4.45)
More precisely, supersymmetry is actually broken only if δvF0,2 cannot be reabsorbed
by deforming the world-volume gauge-fields, that is only if δvF0,2 is cohomologically
non-trivial.
In the fermionic equations of motion, one can write
SF · ρ ≡ e−φ/2(Υ · V ) · F ≡ e−φ/2δVF0,2
S˜F · ρ˜ ≡ e−φ/2(Υ · V˜ ) · F ≡ e−φ/2δV˜F2,0 (4.46)
Hence SF · ρ and S˜F · ρ˜ exactly account for the generation of (0, 2) and (2, 0) components
produced by the (twisted) complex structure deformations associated to Υ · V and Υ · V˜
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respectively. From this point of view, the moduli lifting conditions (4.33) are exactly
demanding that the good zero modes should not be associated to (twisted) geometrical
deformations which generate cohomologically non-trivial components δVF0,2 or δV˜F2,0,
i.e. deformations which break supersymmetry.
The question is now: are there general circumstances under which zero-mode lifting
is for sure impossible? First of all, this happens if Υ · V and Υ · V˜ are all trivial in
cohomology, that is, the short exact sequence (4.40) splits holomorphically. Indeed, in
this case one can write
Υ · V = ∂¯QU , Υ · V˜ = ∂U˜ (4.47)
with U ∈ TD ⊗ L−1Q and U˜ ∈ T¯D. Then, assuming (4.14), one can deduce that
SF · ρ = ∂¯(e−φ/2U · F) , S˜F · ρ˜ = ∂Q(e−φ/2U˜ · F) (4.48)
and one can see that the conditions (4.33) are always satisfied. If on the other hand
(4.14) is not assumed, then one cannot reach any definitive conclusion about ρ˜.
The other special possibility is that the cohomological non-triviality of F is inherited
from the bulk. Remember that e−φ/2F defines a cohomology class in H1,1
∂¯
(D,LQ) and,
assuming (4.14), also in H1,1∂ (D,LQ). On the other hand, through the associated pull-
back, the embedding ι : D → X allows to see part of these cohomology groups as
inherited from the bulk. In other words, Im ι∗ contains the classes which can be seen as
the pull-back of a non-trivial class in X .
Now, if e−φ/2F ∈ Im ι∗ in ∂Q and ∂¯Q cohomology, then it cannot generate any zero-
mode lifting. Indeed, one can always write Υ ·V = ∂¯QU and Υ · V˜ = ∂U˜ , where U and U˜
are smooth sections of the (anti-)holomorphic bundles TX |D⊗L−1Q and T¯X |D respectively.
Hence, if F is the pull-back of a bulk form Fˆ , one can write
SF · ρ = ∂¯[ι∗(e−φ/2U · Fˆ)] , S˜F · ρ˜ = ∂Q[ι∗(e−φ/2U˜ · Fˆ)] (4.49)
which implies that the ρ and ρ˜ zero modes cannot be lifted by the flux. Again, we stress
that we need (4.14) to arrive to such a conceivable conclusion on ρ˜.
Finally, notice that the subtleties related to (4.14) disappear if one only considers F-
theory vacua admitting a weak coupling orientifold limit and works on the double cover
Calabi-Yau three-fold X˜ . In this case F defines an odd cohomology class in H1,1− (D˜),
where D˜ is the double cover of D. The above arguments run smoothly in this case and
then one can conclude that there is no flux-induced lifting of the ραz.m. and ρ˜
α˙
z.m. zero
modes when either the short exact sequence (4.40) splits holomorphically or F can be
written as the pull-back of a two-form in H1,1− (X˜).
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5 Lifting zero-modes in a one-modulus example
In this section we will use the model developed in sections 2.5 and 3.6. The setting is
simply X = P3, and the Calabi-Yau double-cover three-fold X˜ is the octic hypersurface
P411114[8] defined by (2.40).
This provides a very simple example that shows that even in a one-modulus case,
non-perturbative superpotentials can be generated. We choose as divisor wrapped by
the E3-brane the hyperplane divisor, D ≃ H . This corresponds to the choice n = 1 in
the discussion of section 3.6. Hence, from the general results (3.44) and (3.47), we see
that in absence of world-volume fluxes the fermionic spectrum for this specific case is
l.h. fermions # zero m. (F = 0)
λα 2× 1
ψα 0
ρα 0
r.h. fermions # zero m. (F = 0)
λ˜α˙ 0
ψ˜α˙ 0
ρ˜α˙ 2× 3
(5.1)
Hence, in addition to the two universal zero modes λαz.m. ∼ θα, there are 2× 3 (the factor
2 counts the two Weyl indices) zero modes ρ˜α˙z.m.. In absence of fluxes, one has χE3 = −2
and then, a priori, such an instanton cannot contribute to a superpotential.
We will now show how the addition of world-volume fluxes on D can lead to the
removal of the six zero modes ρ˜α˙z.m., so that the divisor can contribute to the superpoten-
tial. Actually, as it should be clear from the general discussion of section 4.1, describing a
general world-volume flux F is difficult, as it can undergo non-trivial monodromies, and
hence cannot be treated as curvatures of ordinary line bundles or as ordinary two-forms.
This difficulty is analogous to the difficulty in describing worldvolume self-dual 3-form
fluxes on the dual M5-instanton explicitly in a concrete situation.
On the other hand, via the weak coupling orientifold limit, these difficulties are greatly
alleviated, basically because they can be addressed in a perturbative IIB string theory
picture. In that case, the purely worldvolume fluxes FE3 on the double-cover divisor
D˜ are closed, orientifold-odd two-forms of (1, 1)-type, i.e. elements of H1,1− (D˜). Hence,
via Poincare´ duality they can be understood as divisor classes on D˜, i.e. holomorphic
curves:11
FE3
2π
= 1
2
[D˜] +
∑
i
ni
(
[Ci]− [C ′i]
)
, ni ∈ Z (5.2)
where the [Ci] and [C
′
i] are the Poincare´ duals of holomorphic curves Ci ⊂ D˜ and their
orientifold images, respectively. We suppress pullback symbols for simplicity. In order for
11There is a subtlety, related to the Freed-Witten quantization condition, that reads F + ι∗B2 +
1
2c1(KD˜) ∈ H2(D˜,Z) [76, 77]. In our case c1(KD˜) = ι∗[H ]. Since [H ] ∈ H2+(X˜ ;Z), one must turn on
an even [B+
2
] = 12 [H ] to cancel it, which is consistent with the orientifold action because of the periodic
identification [B+
2
] ∼ [B+
2
] + [ω2 ] for any [ω2 ] ∈ H2(X˜,Z), and then in particular for [ω2 ] = −[H ].
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the flux to survive the orientifold projection σ∗(FE3) = −FE3, where σ is the involution,
we turn on a B-field B2 =
1
2
[H ], such that
F = (2πℓs)2
∑
i
ni
(
[Ci]− [C ′i]
)
, ni ∈ Z (5.3)
Furthermore, the primitivity condition F ∧ J = 0 translates into the integrated con-
dition ∑
i
ni
∫
Ci
J = 0 (5.4)
Such curves can be explicitly constructed and hence provide with a very hands-on
way of introducing fluxes. This approach was pioneered in the context of black hole
microstate counting in [78, 79, 80], and further developed and exploited in [81, 82, 83].
The key point is that, as explained in section 4.6, the flux-induced lifting of the zero
modes ρ˜α˙z.m. have a clear geometric counterpart in terms of lifting of geometric moduli. In
particular, only world-volume fluxes that cannot be seen as the pull-back of some (1, 1)
flux on the bulk can contribute. Hence, only the purely world-volume flux FE3 really
matters. Then, instead of directly calculating the action of the operator S˜F , one can
Poincare´-dualize the problem and look for world-volume fluxes (5.2) that ‘rigidify’ the
divisor D. Geometrically, this will boil down to requiring that the holomorphic curves
Ci cannot be deformed together with D while preserving their holomorphy .
Let us first discuss the geometric deformations more in detail. In the orientifold
limit, they are associated to the H2−(D˜) cohomology. They correspond via Serre duality
to H0+(H,OX˜(1)), i.e. to the sections of the normal bundle ND˜ ≃ OX˜(1)|D˜ that are even
under the orientifold involution. These can be seen quite directly by writing down the
equation for a generic hyperplane divisor H in X˜ = P411114[8]. Let the coordinates of the
three-fold be as defined earlier, [z1 : . . . : z4 : ξ], where ξ → −ξ under the involution, and
ξ has projective weight four. Then the E3 divisor D˜ is given by:
PD = a1 z1 + . . .+ a4 z4 = 0 (5.5)
The vanishing locus of this equation is invariant under rescalings, hence the moduli space
of this divisor is a P3. Hence, dim H0+(H,OX˜(1)) = 3, that indeed gives the 2 × 3 zero
modes ρ˜α˙. Notice however that, because ξ cannot appear at degree one, all deformations
will keep the divisor invariant, i.e. as an O(1) instanton. This explains why H2+(D˜,OD˜)
is trivial and there are no zero modes ραz.m..
In order to create fluxes that can rigidify the divisor, one needs to identify holo-
morphically embedded curves in X˜ that are rigid, i.e. that do not admit holomorphic
deformations. The reason is the following. If one identifies fluxes on D˜ with their Poincare´
dual by imposing that the divisor contain assigned curves, then the condition F0,2 = 0
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translates into requiring that the curves remain holomorphic when the divisor moves. If
the curves are rigid, then some or all of the divisor moduli will become obstructed.
Take the double-cover X˜ defining equation (2.40) in P411114 to be given by:
z81 + . . .+ z
8
4 + ξ
2 + ψ2
(
P4(z)
)2
= 0 , (5.6)
for ψ ∈ C, and P4(z) some generic polynomial of homogeneous degree four in the zI . At
a generic locus in complex structure moduli space, this Calabi-Yau is known to contain
29504 isolated holomorphic degree one curves of genus zero, i.e. P1’s [84, 85]. We turned
on the ψ2 deformation in order to ensure genericity.
The curves we are interested in cannot be written as the complete intersection of
the Calabi-Yau hypersurface (5.6) and other two equations, regardless of whether one of
these is the E3-divisor hypersurface (5.5). Indeed, such curves would be necessarily not
rigid, as they would be holomorphic regardless of the position of the E3-brane. Instead,
they must be defined as complete intersections of three equations in the ambient weighted
projective space. Take the following rational (genus zero) degree one curve:
C1 : z1 = η z2 ∩ z3 = η˜ z4 ∩ ξ = ψ P4 ⊂ P411114 , (5.7)
where η8 = η˜8 = −1 are eighth roots of minus one. This curve is a P1, and it clearly lies
inside X˜ since it automatically satisfies (5.6). It can be shown via exact sequences that
its normal bundle in X˜ has no sections, i.e. that
NC1/X˜ = OP1(−1)⊕OP1(−1) (5.8)
In other words, this curve is fully obstructed already at first order. Its orientifold image
is simply given by
C ′1 : z1 = η z2 ∩ z3 = η˜ z4 ∩ ξ = −ψ P4 ⊂ P411114 , (5.9)
and is clearly also obstructed at first order. If one now defines the flux on the E3 as
follows:
FE3
2π
= 1
2
[H ] + [C1]− [C ′1] (5.10)
then (2πℓs)
−2F ∈ H1,1− ∩H2(H,Z). Requiring that this flux remain of type (1, 1) as the
E3 deforms amounts to requiring that these two rigid curves be contained in the divisor.
This imposes the following linear constraints on the ai coefficients of the divisor (5.5):
a1 η + a2 = 0 ∩ a3 η˜ + a4 = 0 (5.11)
The hyperplane now looks like:
PD(C1) = a1 (z1 − η z2) + a3 (z3 − η˜ z4) = 0 (5.12)
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where by PD(C1) we mean the most generic polynomial for a divisor D subject to the
constraint of containing C1. Hence, of the three moduli, two have been lifted: h
0,2
− =
3 7→ 1.
Since the X˜ is a one-modulus CY, C1 and C
′
1 are homologous in X˜ , hence their
difference is trivial in H2(X˜,Z) and then in particular (5.4) is automatically satisfied.
However, the difference C1−C ′1 is not trivial on the divisor. To check this, it is sufficient
to find a single non-zero intersection number of this difference with some curve on the
E3. Let us compute the following intersection number
I = ([C1]− [C ′1]) · [C1] (5.13)
The first term can be computed via the adjunction formula for the tangent bundle of
the curve in terms of [D˜] and the Poincare´ dual [C1]:
χ(C1) = −
∫
D˜
(
[D˜] ∧ [C1] + [C1] ∧ [C1]
)
(5.14)
The first term is simply the intersection number D˜ ·C1 = H ·C1 = 1 since the curve has
degree one. The fact that it is a P1 tells us that χ = 2, hence one deduces that
C1 · C1 = −3 (5.15)
In order to get the intersection number C1 · C ′1, one first notices that both curves have
two linear equations in common. Then, one imposes two more equations of degree 4 to
intersect the curves. Hence, on this weighted projective space, one needs
C1 · C ′1 =
∫
P4
11114
[H ] ∧ [H ] ∧ [4H ] ∧ [4H ] = 4 (5.16)
Therefore
I = −7 (5.17)
Hence, we conclude that
i∗(C1 − C ′1) = 0 ∈ H2(X˜,Z) but
C1 − C ′1 6= 0 ∈ H2(D˜,Z) (5.18)
In Poincare´ dual terms, this implies that the flux cannot be seen as the pull-back of a
(closed) flux on X˜ . This is exactly what is required for the zero-mode lifting mechanism
to work, as discussed in general in 4.6.
Since, the class [C1] − [C ′1] is non-trivial in the divisor, these two curves will not
somehow recombine and annihilate.
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Now that two zero-modes have been eliminated, the remaining one can be lifted by
adding another rigid curve to the [Poincare´ dual to the] flux. Take the following curve
and its orientifold image:
C2, C
′
2 : z1 = η z4 ∩ z3 = η˜ z2 ∩ ξ = ±ψ P4 ⊂ P411114 (5.19)
Requiring that the E3-brane contain these curves will impose further restrictions on its
divisor moduli that read
a1 η + a4 = 0 ∩ a3 η˜ + a2 = 0 (5.20)
The divisor under consideration is described by
PD(C1, C2) = a(z1 − η z2 + ηη˜ z3 − η z4) = 0 (5.21)
In conclusion, the flux
FE3
2π
= 1
2
[H ] + [C1] + [C2]− [C ′1]− [C ′2] (5.22)
fully freezes the E3-instanton, thereby lifting all of its 2× 3 ρ˜α˙z.m. zero-modes.12 One can
again check that the resulting linear combination of curves is non-trivial in the homology
of the divisor.
Let us address one subtlety that is fortunately automatically absent in one-modulus
cases. E3-instantons with fluxes could in principle have the so-called chiral zero-modes
localized at intersections with D7-branes, as pointed out in [19]. However, the index that
counts the next chirality of such zero-modes
∫
D7∩E3
(FE3 − FD7) (5.23)
gets no additional contribution from the fluxes we have seen here. The fact that the
differences of curves considered are trivial in the X˜ implies that the Poincare´-dual flux
integrates to zero along any curve made by intersecting two divisors in X˜ . Hence, the
‘magnetic’ fluxes under consideration do not alter the chiral zero-mode problem. They
simply lift neutral zero-modes.
Finally, note that, although we used the specific form (5.6) of the Calabi-Yau double-
cover X˜ to make life easier, we could add a host of terms to make it more generic, such as
(z1− η z2) (z1− η z4)P6. It is known that Calabi-Yau threefolds generically contain finite
12One may wonder, whether the intersecting curves C1 and C2 might recombine into a degree two
P
1. However, for a generic hypersurface equation, such degree two curves are known to come in finite
discrete amounts. In this case there are 128834912 of them [86], meaning they must be rigid.
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but large amounts of degree one P1’s (in this case 290540). Hence, this zero-mode lifting
effect is a generic feature, and it means that this simple one-modulus Calabi-Yau admits
E3-induced non-perturbative superpotentials. Since Calabi-Yau three-folds typically con-
tain rigid curves, this phenomenon can be applied to many more situations. This opens
up a new possibility for model-building. One no longer needs to construct Calabi-Yau
four-fold containing exceptional divisors to put their M5-instantons on. Instead, one can
study simple spaces, and discover that they already contain divisors that get frozen by
such easily described fluxes.
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Appendix
A U(1)-bundles and holomorphic line bundles
A U(1)-connection with (1,1) field-strength associated to a smooth complex line bundle L
allows to reinterpret L as a holomorphic line bundle, that we denote as L, and viceversa.
Let us explicitly apply this well known result to the present case. The following discussion
is completely standard.
Let us define a complex line bundle LqQ with charge q under the U(1)Q symmetry.
Clearly, LQ ≡ Lq=1Q and LqQ = (LQ)q. Hence, if f is a section of LqQ, going from one patch
to the other it undergoes a transformation
f → eiq arg(cτ+d)f (A.1)
Its covariant derivative is given by
∇Qf := (d− iqQ)f =: ∂Qf + ∂¯Qf (A.2)
Now, since (dQ)0,2 = 0, Q defines a holomorphic line bundle. Indeed, define
fˆ = (Imτ)−q/2f (A.3)
Since, going from one patch to the other we have
Imτ → |cτ + d|−2Imτ (A.4)
it is easy to see that fˆ has the following gluing conditions
fˆ → (cτ + d)qfˆ (A.5)
Hence, we see the transition functions of fˆ are holomorphic and then define an associated
holomorphic line bundle, that we denote by LqQ ≡ (LQ)q. Clearly, the covariant anti-
holomorphic derivative ∂¯Qf is mapped into the anti-holomorphic derivative ∂¯fˆ and then
∂¯Qf = 0 ⇔ ∂¯fˆ = 0 (A.6)
For instance, using this terminology, we immediately recognize that Ω as defined in
(2.19) can be seen as a holomorphic section of LQ⊗KX , whereas e−φ/2Ω is a covariantly
constant section of LQ ⊗KX .
49
Finally, notice that from LqQ we can alternatively construct an anti-holomorphic line
bundle L¯−qQ , whose sections can be defined as f˜ = (Imτ)q/2f . The sections f˜ of L¯qQ have
transition functions of the form
f˜ → (cτ¯ + d)qf˜ (A.7)
In this case ∂Qf → ∂f˜ and covariantly anti-holomorphic sections of LqQ are mapped into
anti-holomorphic sections of L¯−qQ .
Clearly, we have the isomorphisms L−qQ ≃ (LqQ)−1 ≃ (LqQ)∗, L−qQ ≃ (LqQ)−1 and L¯qQ ≃
(LqQ)∗.
B Some useful properties of the extrinsic curvature
Here we review some useful properties of the extrinsic curvature.
Consider a space M with metric g and a submanifold D with induced metric h = ι∗g.
We can accordingly split TM |D = TD ⊕ T⊥D . Then, the extrinsic curvature K can be seen
as a map
K : TD ⊗ TD → T⊥D (B.1)
defined by
K(v, w) = K(w, v) = (∇ˆvw)⊥ ∀v, w ∈ TD (B.2)
where ∇ˆ is computed by using the bulk metric g. Alternatively
〈X,K〉 ≡ XmKm = −1
2
(LXg)|D ∀X ∈ T⊥D (B.3)
that can be easily proved by starting from the definition (B.2).
Assume now that M is Ka¨hler, with complex structure I and Ka¨hler form J = g · I.
We have in particular that I and J are covariantly constant with respect to the metric g.
Furthermore, let us restrict to holomorphic submanifolds D. This latter condition can
be written by saying that
I · v ⊂ TD ∀v ∈ TD (B.4)
Then,
K(Iv, w) = K(v, Iw) = IK(v, w) (B.5)
which means that K has pure holomophic or anti-holomorphic indices.
Notice also that, since K has pure indices, the definition (B.3) is telling us that K
measures the deformation of the complex structure on D induced by a deformation of D
preserving the holomorphy of the embedding. Namely, suppose that V is a section of the
ordinary normal bundle that generates such a deformation.
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Then, the variation of the induced metric generated by V is given by
δV h = (LV g)|D = −2VmKm (B.6)
so that
(δV h)i¯ = 0 , (δV h)ı¯¯ = −2VmKmı¯¯ (B.7)
Notice that the geometric deformation does not induce any deformation of the Ka¨hler
structure on D. One can alternatively parametrize the change in the complex structure
on D by a section of (δV ID)
i
¯ ∈ Γ(TD ⊗ T¯ ∗D), where TD and is the holomorphic tangent
bundle. ID + δV ID denotes the new complex structure
13 in which h + δh is hermitian.
Hence
hac(δV ID)
c
b + hbc(δV ID)
c
a = iδhab = −2iVmKmab (B.8)
Since X preserves the holomorphy of the embedding, in complex coordinates (si, s¯ı¯) we
have
∂¯[¯ı(δV ID)
j
u¯] = 0 (B.9)
and hence we can locally write
(δV ID)
i
¯ = ∂¯¯ δV ζ
i (B.10)
where δV ζ
i defines the shift in the new complex coordinates ζ˜ i = ζ i + δV ζ
i. Using this
one can show that hac(δV ID)
c
b is symmetric in (ab). Hence from (B.8) we get
(δV ID)
i
¯ = −ihiu¯VmKmu¯¯ (B.11)
We can use the extrinsic curvature to define the operator
Υ : T⊥D → T 1,0D ⊗ T ∗0,1D with (Υm)i¯ := −ihiu¯gmnKnu¯¯ (B.12)
In particular, the action of Υ descends to an action at the level of sheaf cohomology
classes
Υ : H0(D,ND)→ H1(D, TD) (B.13)
where ND is the holomorphic normal bundle to D. In the form (B.13), Υ gives precisely
the map that associates any infinitesimal deformation of the divisor with the correspond-
ing infinitesimal deformation of complex structure on D.
13The condition (ID + δV ID)
2 = −1 implies that δID has no pure indices.
51
References
[1] C. Vafa, “Evidence for F theory,” Nucl. Phys. B 469, 403 (1996) [arXiv:hep-
th/9602022].
[2] D. R. Morrison and C. Vafa, “Compactifications of F theory on Calabi-Yau three-
folds. 2,” Nucl. Phys. B 476 (1996) 437 [arXiv:hep-th/9603161].
[3] D. R. Morrison and C. Vafa, “Compactifications of F theory on Calabi-Yau three-
folds. 1,” Nucl. Phys. B 473 (1996) 74 [arXiv:hep-th/9602114].
[4] R. Donagi, M. Wijnholt, “Model Building with F-Theory,” [arXiv:0802.2969 [hep-
th]].
[5] C. Beasley, J. J. Heckman and C. Vafa, “GUTs and Exceptional Branes in F-theory
- I,” JHEP 0901, 058 (2009) [arXiv:0802.3391 [hep-th]].
[6] C. Beasley, J. J. Heckman and C. Vafa, “GUTs and Exceptional Branes in F-theory
- II: Experimental Predictions,” JHEP 0901, 059 (2009) [arXiv:0806.0102 [hep-th]].
[7] J. J. Heckman, “Particle Physics Implications of F-theory,” Submitted to:
Ann.Rev.Nucl.Part.Sci.. [arXiv:1001.0577 [hep-th]].
[8] T. Weigand, “Lectures on F-theory compactifications and model building,” Class.
Quant. Grav. 27 (2010) 214004. [arXiv:1009.3497 [hep-th]].
[9] J. J. Heckman, J. Marsano, N. Saulina, S. Schafer-Nameki and C. Vafa, “Instantons
and SUSY breaking in F-theory,” arXiv:0808.1286 [hep-th].
[10] J. Marsano, N. Saulina, S. Schafer-Nameki, “An Instanton Toolbox for F-Theory
Model Building,” JHEP 1001 (2010) 128. [arXiv:0808.2450 [hep-th]].
[11] F. Marchesano and L. Martucci, “Non-perturbative effects on seven-brane Yukawa
couplings,” Phys. Rev. Lett. 104 (2010) 231601 [arXiv:0910.5496 [hep-th]].
[12] M. Cvetic, I. Garcia-Etxebarria and R. Richter, “Branes and instantons at an-
gles and the F-theory lift of O(1) instantons,” AIP Conf. Proc. 1200, 246 (2010)
[arXiv:0911.0012 [hep-th]].
[13] M. Cvetic, I. Garcia-Etxebarria and J. Halverson, “On the computation of non-
perturbative effective potentials in the string theory landscape: IIB/F-theory per-
spective,” arXiv:1009.5386 [hep-th].
52
[14] T. W. Grimm, M. Kerstan, E. Palti, T. Weigand, “On Fluxed Instantons and Moduli
Stabilisation in IIB Orientifolds and F-theory,” [arXiv:1105.3193 [hep-th]].
[15] E. Witten, “Nonperturbative superpotentials in string theory,” Nucl. Phys. B474
(1996) 343-360. [hep-th/9604030].
[16] L. Martucci, J. Rosseel, D. Van den Bleeken and A. Van Proeyen, “Dirac ac-
tions for D-branes on backgrounds with fluxes,” Class. Quant. Grav. 22 (2005)
2745 [arXiv:hep-th/0504041]. D. Marolf, L. Martucci and P. J. Silva, “Actions and
fermionic symmetries for D-branes in bosonic backgrounds,” JHEP 0307 (2003) 019
[arXiv:hep-th/0306066]. D. Marolf, L. Martucci and P. J. Silva, “Fermions, T-duality
and effective actions for D-branes in bosonic backgrounds,” JHEP 0304 (2003) 051
[arXiv:hep-th/0303209].
[17] R. Kallosh, D. Sorokin, “Dirac action on M5 and M2 branes with bulk fluxes,” JHEP
0505, 005 (2005). [hep-th/0501081].
[18] R. Blumenhagen, M. Cvetic, R. 2. Richter and T. Weigand, “Lifting D-Instanton
Zero Modes by Recombination and Background Fluxes,” JHEP 0710 (2007) 098
[arXiv:0708.0403 [hep-th]].
[19] R. Blumenhagen, S. Moster, E. Plauschinn, “Moduli Stabilisation versus Chirality
for MSSM like Type IIB Orientifolds,” JHEP 0801 (2008) 058. [arXiv:0711.3389
[hep-th]].
[20] R. Blumenhagen, A. Collinucci and B. Jurke, “On Instanton Effects in F-theory,”
JHEP 1008 (2010) 079 [arXiv:1002.1894 [hep-th]].
[21] R. Donagi, M. Wijnholt, “MSW Instantons,” [arXiv:1005.5391 [hep-th]].
[22] M. Billo, M. Frau, I. Pesando, F. Fucito, A. Lerda and A. Liccardo, “Classical gauge
instantons from open strings,” JHEP 0302, 045 (2003) [arXiv:hep-th/0211250].
[23] M. Billo, M. Frau, F. Fucito and A. Lerda, “Instanton calculus in R-R background
and the topological string,” JHEP 0611, 012 (2006) [arXiv:hep-th/0606013].
[24] R. Blumenhagen, M. Cvetic and T. Weigand, “Spacetime instanton corrections in
4D string vacua: The Seesaw mechanism for D-Brane models,” Nucl. Phys. B 771
(2007) 113 [arXiv:hep-th/0609191].
[25] L. E. Ibanez, A. M. Uranga, “Neutrino Majorana Masses from String Theory In-
stanton Effects,” JHEP 0703 (2007) 052. [hep-th/0609213].
53
[26] B. Florea, S. Kachru, J. McGreevy, N. Saulina, “Stringy Instantons and Quiver
Gauge Theories,” JHEP 0705 (2007) 024. [hep-th/0610003].
[27] M. Bianchi and E. Kiritsis, “Non-perturbative and Flux superpotentials for Type I
strings on the Z(3) orbifold,” Nucl. Phys. B 782, 26 (2007) [arXiv:hep-th/0702015].
[28] R. Argurio, M. Bertolini, S. Franco and S. Kachru, “Metastable vacua and D-branes
at the conifold,” JHEP 0706 (2007) 017 [arXiv:hep-th/0703236].
[29] R. Argurio, M. Bertolini, G. Ferretti, A. Lerda and C. Petersson, “Stringy instantons
at orbifold singularities,” JHEP 0706 (2007) 067 [arXiv:0704.0262 [hep-th]].
[30] M. Bianchi, F. Fucito and J. F. Morales, “D-brane instantons on the T**6 / Z(3)
orientifold,” JHEP 0707, 038 (2007) [arXiv:0704.0784 [hep-th]].
[31] R. Blumenhagen, M. Cvetic, S. Kachru, T. Weigand, “D-Brane Instantons in Type
II Orientifolds,” Ann. Rev. Nucl. Part. Sci. 59 (2009) 269-296. [arXiv:0902.3251
[hep-th]].
[32] M. Bianchi and M. Samsonyan, “Notes on unoriented D-brane instantons,” Int. J.
Mod. Phys. A 24, 5737 (2009) [arXiv:0909.2173 [hep-th]].
[33] L. Gorlich, S. Kachru, P. K. Tripathy, S. P. Trivedi, “Gaugino condensation and
nonperturbative superpotentials in flux compactifications,” JHEP 0412 (2004) 074.
[hep-th/0407130].
[34] N. Saulina, “Topological constraints on stabilized flux vacua,” Nucl. Phys. B720
(2005) 203-210. [hep-th/0503125].
[35] R. Kallosh, A. -K. Kashani-Poor, A. Tomasiello, “Counting fermionic zero modes
on M5 with fluxes,” JHEP 0506 (2005) 069. [hep-th/0503138].
[36] E. Bergshoeff, R. Kallosh, A. -K. Kashani-Poor, D. Sorokin, A. Tomasiello, “An
Index for the Dirac operator on D3 branes with background fluxes,” JHEP 0510
(2005) 102. [hep-th/0507069].
[37] D. Lust, S. Reffert, W. Schulgin, P. K. Tripathy, “Fermion zero modes in the presence
of fluxes and a non-perturbative superpotential,” JHEP 0608 (2006) 071. [hep-
th/0509082].
[38] D. Tsimpis, “Fivebrane instantons and Calabi-Yau fourfolds with flux,” JHEP 0703
(2007) 099. [hep-th/0701287].
54
[39] I. Garcia-Etxebarria, F. Marchesano, A. M. Uranga, “Non-perturbative F-terms
across lines of BPS stability,” JHEP 0807 (2008) 028. [arXiv:0805.0713 [hep-th]].
[40] A. M. Uranga, “D-brane instantons and the effective field theory of flux compacti-
fications,” JHEP 0901 (2009) 048. [arXiv:0808.2918 [hep-th]].
[41] M. Billo, L. Ferro, M. Frau, F. Fucito, A. Lerda and J. F. Morales, “Flux interactions
on D-branes and instantons,” JHEP 0810, 112 (2008) [arXiv:0807.1666 [hep-th]].
[42] M. Billo, L. Ferro, M. Frau, F. Fucito, A. Lerda and J. F. Morales, “Non-perturbative
effective interactions from fluxes,” JHEP 0812, 102 (2008) [arXiv:0807.4098 [hep-
th]].
[43] E. Witten, “Five-brane effective action in M theory,” J. Geom. Phys. 22 (1997)
103-133. [hep-th/9610234].
[44] J. Marsano, N. Saulina and S. Schafer-Nameki, “On G-flux, M5 instantons, and
U(1)s in F-theory,” arXiv:1107.1718 [hep-th].
[45] M. Cvetic, J. Halverson, I. Garcia-Etxebarria, “Three Looks at Instantons in F-
theory – New Insights from Anomaly Inflow, String Junctions and Heterotic Dual-
ity,” [arXiv:1107.2388 [hep-th]].
[46] F. Denef, “Les Houches Lectures on Constructing String Vacua,” arXiv:0803.1194
[hep-th].
[47] A. Sen, “F theory and orientifolds,” Nucl. Phys. B475 (1996) 562-578. [hep-
th/9605150].
[48] A. Sen, “Orientifold limit of F theory vacua,” Phys. Rev. D55 (1997) 7345-7349.
[hep-th/9702165].
[49] O. J. Ganor, “A Note on zeros of superpotentials in F theory,” Nucl. Phys. B 499
(1997) 55 [arXiv:hep-th/9612077].
[50] T. W. Grimm, “Non-Perturbative Corrections and Modularity in N=1 Type IIB
Compactifications,” JHEP 0710 (2007) 004. [arXiv:0705.3253 [hep-th]].
[51] K. Becker, M. Becker, A. Strominger, “Five-branes, membranes and nonperturbative
string theory,” Nucl. Phys. B456 (1995) 130-152. [hep-th/9507158].
[52] J. A. Harvey, G. W. Moore, “Superpotentials and membrane instantons,” [hep-
th/9907026].
55
[53] E. Witten, “World sheet corrections via D instantons,” JHEP 0002 (2000) 030.
[hep-th/9907041].
[54] C. Beasley, E. Witten, “Residues and world sheet instantons,” JHEP 0310 (2003)
065. [hep-th/0304115].
[55] C. Beasley, E. Witten, “New instanton effects in string theory,” JHEP 0602 (2006)
060. [hep-th/0512039].
[56] M. Bershadsky, C. Vafa, V. Sadov, “D-branes and topological field theories,” Nucl.
Phys. B463, 420-434 (1996). [hep-th/9511222].
[57] T. Kimura, I. Oda, “Duality of superD-brane actions in general Type II supergravity
background,” Int. J. Mod. Phys. A16 (2001) 503-528. [hep-th/9904019].
[58] R. Hartshorne, “Algebraic geometry,” Graduate Texts in Mathematics, No. 52,
Springer-Verlag, New York, 1977.
[59] P. Griffith and J. Harris, “Principles of Algebraic Geometry,” John Whiley & Sons,
Inc., 1978.
[60] A. Grassi, “On Minimal Models Of Elliptic three-folds, Math. Ann. 290 (1991) 287.
[61] A. Grassi, “Divisors on elliptic Calabi-Yau 4-folds and the superpotential in F-theory
- I” Journal of Geom. and Phys. 28 (1998) 289-319
[62] J. Kolla´r, “Higher dimensional images of dualizing sheaves,” Ann. of Math. 123
(1986) 1142.
[63] D. Robbins and S. Sethi, “A Barren landscape?,” Phys. Rev. D 71 (2005) 046008
[arXiv:hep-th/0405011].
[64] P. Koerber and L. Martucci, “From ten to four and back again: How to generalize
the geometry,” JHEP 0708 (2007) 059 [arXiv:0707.1038 [hep-th]].
[65] D. Baumann, A. Dymarsky, S. Kachru, I. R. Klebanov and L. McAllister, “D3-brane
Potentials from Fluxes in AdS/CFT,” JHEP 1006 (2010) 072 [arXiv:1001.5028 [hep-
th]].
[66] B. Heidenreich, L. McAllister and G. Torroba, “Dynamic SU(2) Structure from
Seven-branes,” JHEP 1105 (2011) 110 [arXiv:1011.3510 [hep-th]].
[67] A. Dymarsky and L. Martucci, “D-brane non-perturbative effects and geometric
deformations,” JHEP 1104 (2011) 061 [arXiv:1012.4018 [hep-th]].
56
[68] E. Sharpe, “Lectures on D-branes and sheaves,” [hep-th/0307245].
[69] P. S. Aspinwall, “D-branes on Calabi-Yau manifolds,” [hep-th/0403166].
[70] S. H. Katz, E. Sharpe, “D-branes, open string vertex operators, and Ext groups,”
Adv. Theor. Math. Phys. 6 (2003) 979-1030. [hep-th/0208104].
[71] P. Koerber, “Stable D-branes, calibrations and generalized Calabi-Yau geometry,”
JHEP 0508 (2005) 099. [hep-th/0506154]. L. Martucci and P. Smyth, “Super-
symmetric D-branes and calibrations on general N=1 backgrounds,” JHEP 0511
(2005) 048 [arXiv:hep-th/0507099]. J. Evslin and L. Martucci, “D-brane networks in
flux vacua, generalized cycles and calibrations,” JHEP 0707 (2007) 040 [arXiv:hep-
th/0703129]. P. Koerber and L. Martucci, “D-branes on AdS flux compactifications,”
JHEP 0801 (2008) 047 [arXiv:0710.5530 [hep-th]].
[72] L. Martucci, “D-branes on general N=1 backgrounds: Superpotentials and D-
terms,” JHEP 0606 (2006) 033 [arXiv:hep-th/0602129].
[73] M. Bianchi, S. Kovacs and G. Rossi, “Instantons and Supersymmetry,” Lect. Notes
Phys. 737 (2008) 303 [arXiv:hep-th/0703142].
[74] P. Koerber and L. Martucci, “Deformations of calibrated D-branes in flux generalized
complex manifolds,” JHEP 0612 (2006) 062 [arXiv:hep-th/0610044].
[75] I. Brunner, K. Hori, “Orientifolds and mirror symmetry,” JHEP 0411 (2004) 005.
[hep-th/0303135].
[76] R. Minasian, G. W. Moore, “K theory and Ramond-Ramond charge,” JHEP 9711
(1997) 002. [hep-th/9710230].
[77] D. S. Freed, E. Witten, “Anomalies in string theory with D-branes,” [hep-
th/9907189].
[78] D. Gaiotto, M. Guica, L. Huang, A. Simons, A. Strominger and X. Yin, “D4-D0
branes on the quintic,” JHEP 0603 (2006) 019 [arXiv:hep-th/0509168].
[79] D. Gaiotto and L. Huang, “D4-branes on complete intersection in toric variety,”
arXiv:hep-th/0612295.
[80] D. Gaiotto, A. Strominger, X. Yin, “The M5-Brane Elliptic Genus: Modularity and
BPS States,” JHEP 0708 (2007) 070. [hep-th/0607010].
[81] F. Denef, G. W. Moore, “Split states, entropy enigmas, holes and halos,” [hep-
th/0702146 [HEP-TH]].
57
[82] A. Collinucci, F. Denef, M. Esole, “D-brane Deconstructions in IIB Orientifolds,”
JHEP 0902 (2009) 005. [arXiv:0805.1573 [hep-th]].
[83] A. Collinucci, T. Wyder, “The Elliptic genus from split flows and Donaldson-Thomas
invariants,” JHEP 1005 (2010) 081. [arXiv:0810.4301 [hep-th]].
[84] A. Font, “Periods and duality symmetries in Calabi-Yau compactifications,” Nucl.
Phys. B391 (1993) 358-388. [hep-th/9203084].
[85] A. Klemm, S. Theisen, “Considerations of one modulus Calabi-Yau compactifica-
tions: Picard-Fuchs equations, Kahler potentials and mirror maps,” Nucl. Phys.
B389 (1993) 153-180. [hep-th/9205041].
[86] M. -x. Huang, A. Klemm, S. Quackenbush, “Topological string theory on compact
Calabi-Yau: Modularity and boundary conditions,” Lect. Notes Phys. 757 (2009)
45-102. [hep-th/0612125].
58
